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Optimal Dynamic Order Submission Strategies
In Some Stylized Trading Problems

Abstract

This study derives optimal dynamic order submission strategies for trading problems
faced by three stylized traders: an uninformed liquidity trader, an informed trader and a value-
motivated trader. Separate solutions are obtained for quote- and order-driven markets. The
results provide practicable rules for how to trade small orders and how to manage traders.
Transaction cost measurement methods based on implementation shortfall are proven to
dominate other methods.

Since investors demand liquidity when they submit market orders and supply liquidity
when they submit limit orders, the results improve our understanding of market liquidity. In
particular, the modelsillustrate the role of time in the search for liquidity by characterizing the

demand for and supply of immediacy.

Keywords: Limit orders, market orders, immediacy, bid/ask spreads order submission strategies,
transaction cost measurement, informed trading, value-motivated trading, dynamic

programming problems.



. INTRODUCTION

Order submission strategy is the most important determinant of execution quality that investors
directly control. Traders must decide when to submit market orders and when to submit limit
orders. When they submit limit orders, they must know where to place their limit prices. If their
limit orders do not execute, they must know when, and how, to resubmit their orders. Investors
who optimize their trading strategies will have lower transaction costs and higher portfolio
returns than those who ignore their trading strategies.

Traders design order submission strategies to take advantage of the different properties of
market orders and limit orders. Market orders typically produce quick executions at relatively
high transaction costs. Limit orders provide lower cost executionsif they execute, but they often
do not execute. Limit orders also provide price-contingent executions at times when investors
are unable or unwilling to monitor the market continuously.

The strategies that traders select depend on the various trading problems they solve.
Traders who face early deadlines and traders who have material information that will soon
become public are impatient to trade. They use market orders or aggressively priced limit orders.
Conversely, value-motivated traders may be willing to wait until profitable trading opportunities
arise. These traders place limit orders far from the market to represent their interests when they
are unable or unwilling to continuously monitor the market.

This study derives optimal dynamic order submission strategies for several trading
problems. Several problems are examined because order submission strategies depend on the
different problems that traders solve. Dynamic submission strategies are examined because the
search for liquidity isasequential process. Traders often submit new orders when their limit
orders do not execute. The option to resubmit thus affects the origina submission decision.

The analysis considers trading problems faced by three stylized traders. an uninformed
liquidity trader, an informed trader and a value-motivated trader. The liquidity trader must fill an
order by adeadline. The informed trader attempts to profit from a single piece of information

beforeit isincorporated into price. The value-motivated trader attempts to profit from on-going



research into fundamental values. These three stylized problems capture most essential elements
of the actual trading problems that practitioners encounter when trading small orders® Although
actual problems may differ from those studied here, the solutions derived in this study should
provide valuable guidance to practitioners who want to derive the greatest value from their
trading.

Order submission strategies also affect the supply and demand of liquidity. Traders
demand liquidity when they submit market orders and they supply liquidity when they submit
limit orders.? Efforts to understand liquidity must therefore consider how traders choose their
order submission strategies.

This study contributes to our understanding of market liquidity by characterizing demands
for and supplies of immediacy.® By analyzing dynamic submission strategies, the models
presented here help characterize the relation between time and price in the search for liquidity.

The analyses do not consider how to trade large orders. Large orders are difficult to fill
because they often affect prices. The models examined in this study assume that order strategy
has no effect on prices. They are therefore appropriate, at best, only for small orders. Despite
this limitation, the results are still useful because small orders account for alarge fraction of
market activity. The focus on small orders alows usto consider the relation between immediacy
and the cost of liquidity, which has not been thoroughly investigated. Since size clearly affects

thisrelation, it should be the subject of further research.

! The most notable omission from this list is the tradi ng problem faced by traders who can substitute one security for
another.

2 A limit order instructs a broker to trade immediately at the limit price or better if possible, otherwise to hold the
order until it can be executed, if ever. Since a standing limit order is an option to trade, it supplies liquidity to
anyone willing to trade the other side at the limit price or better. In contrast, a market order demands liquidity by
instructing a broker to trade immediately at the best price available in the market.

3 mmediacy is the ability to trade quickly. Itisone of severa related dimensions of liquidity. The other main
dimensions are depth (the ability to trade large size) and width (the cost of trading). Harris (1990) describes these

liquidity dimensions and how they relate to each other.



The remainder of this introduction describes the three stylized trading problems. An
outline of the modeling strategy is then provided and the relation of this study to prior work is
described.

The formal presentation of the models appearsin Section 1. Section I11 discusses
theoretical results that show how transaction cost measurement schemes affect brokers’
incentives to choose order strategies that their clients prefer. Section IV provides numeric
solutions to the various trading problems and discusses their properties. The text concludes in
Section V with a summary and a discussion of the limitations of the analyses. Appendix A
describes the methods used to evaluate the numeric integrals that appear in these problems, and

Appendix B provides a detailed explanation of how price discreteness can bias the results.

A. THE THREE STYLIZED TRADERS

Liquidity Traders

Assume that the stylized liquidity trader is an uninformed trader who must fill an order before
some deadline. Trade deadlines may arise when traders need to invest or disinvest exogenous
cash flows.

Liquidity traders try to obtain the best price for their trades by carefully choosing their
order submission strategies. The results presented below show that when deadlines are distant
and bid/ask spreads are wide, liquidity traders initially submit limit orders. If their orders do not
fill, they eventually replace them with more aggressively priced limit orders. This process
continues until their trades are completed or until their deadlines arrive. If they still have not

traded by their deadlines, the liquidity traders must submit market orders to assure execution.

Informed Traders
Assume that the stylized informed trader has private information about underlying value that
allows him to predict future price changes. The advantage that informed traders can gain from
using their information is transitory, however. These traders believe that their information will
eventually become common knowledge, and that prices will change to reflect it.

Informed traders try to profitably trade on their information. In practice, trade deadlines

and/or reservation price constraints often restrict their trading problems. Such restrictions may



be imposed on buy-side traders by their portfolio managers or on brokers by their clients’ This
study considers the effects of these constraints on optimal order strategy.

The models in this study assume that informed traders stop trading once they have filled a
single order. In practice, traders might want to trade more intensely to profit further from their
informational advantages. The decision to do so would depend on the quality of their
information, their degree of risk aversion, and their access to capital.

The results presented below show that if the private information is material and if it will
soon become public (i.e., if it is “hot information”), informed traders use market orders to trade
quickly. Otherwise, if bid/ask spreads are wide and trading deadlines are distant, they submit
limit orders to minimize their transaction costs. Those traders who face deadlines place more
aggressive orders as the deadline approaches, if trading would still be profitable. Otherwise, they

stop trying to trade.

Value-Motivated Traders

Assume that the stylized value-motivated trader receives a perpetual flow of private information
about underlying security values. This stream of information allows value-motivated traders to
forecast future values, and it allows them to model the process by which prices diverge from
values.

Value-motivated traders include all traders who estimate security values on a regular
basis. These traders may be investors who estimate values directly from economic fundamentals
or market-makers (and other technical traders) who estimate values indirectly by observing order
flows.

Value-motivated traders trade to profit from their flow of information. Since they receive
continuous information about values, the model specifications assume that they can trade
repeatedly.

The results reported below show that value-motivated traders demand immediacy when

they believe price is far from underlying value and likely to revert quickly. Otherwise, value-

* Traderswho are employed in-house by portfolio managers to manage their trades are called buy-side traders.



motivated traders offer limit orders on both sides of the market. They set their limit ordersto

profit from pricing errors that they anticipate might arise.

B. OVERVIEW OF THE MODELING STRATEGY
The various trading problems are modeled as dynamic programming problems. Dynamic
methods are necessary because the current optimal order submission strategy depends on what
future strategies will be adopted should the current strategy fail.

The model specifications involve four sets of assumptions. They describe

1. how timeis modeled and when decisions are made,

2. thevaluation functions that the traders maximize,

3. theset of feasible order strategies available to the trader, and

4. how the valuation function is evaluated for a given order strategy. (How execution

prices and execution probabilities are determined.)

This section provides an overview of these assumptions and of how the models are solved and

analyzed. Theformal presentation of the models beginsin Section|l.

TimelIntervals

The models assume that traders submit and/or cancel their orders only at discrete time intervals.
In practice, traders make order decisions at discrete intervals because they cannot continuously
monitor and adjust their orders, because their time is valuable, and because canceling and
resubmitting ordersis costly.

The inability to continuously adjust orders gives limit orders option-like properties.
Copeland and Galai (1981) show that limit orders are like options because they give traders an
option to trade at afixed price. Thelonger the order is expected to stand, the more valuable the
option will be. In volatile markets, traders place their limit orders far from the current price to
reduce these option values.

Assume that traders submit asingle order (if any) at the beginning of atime interval. If
an order does not execute by the end of the interval, the trader may cancel it and resubmit a new

order in the next interval. In practice, traders may submit multiple orders in the same security to



obtain the best possible average price for alarge transaction. This analysis does not consider
such strategies because the assumptions made in this study are appropriate only for small orders.

This analysis assumes that the time interval is of fixed length. In practice, cancellation
and resubmission decisions probably also depend on unexpected events®> Depending on the
volatility process assumed below (stochastic or homoskedastic), the fixed interval length may be
interpreted as a fixed chronological time interval or afixed event-time interval.

The models do not specify the chronological (or event-time) length of an interval.
Instead, the interval length isimplied from the volatility assumed for the price process within the
interval. For the same assumed degree of volatility, the model may represent a trading problem
involving avolatile security examined at short intervals or a stable security examined at long
intervals. Aninterval therefore may be aday, an hour or aminute. In actual practice, the length
of aninterval isthe time over which the trader is unwilling or unable to revise his order.

The models also allow for (but do not require) nontrading periods between intervals.

Such periods might be overnight periods or lunch time recesses.

Valuation Functions
The valuation function specifies how traders value order outcomes. This study examines several
different valuation functions because trader objectives depend on their trading problems. Traders
who are precommitted to trading typically want to maximize price when selling and minimize
price when buying. Informed traders and value-motivated traders, however, generally want to
maximize their trading profits. These objectives differ because informed and value-motivated
traders do not have to trade.
Brokers’ objectives may differ from their client’s objectives depending on how their
clients measure and evaluate their performance. Since different performance evaluation methods
may cause brokers to adopt different strategies, this study considers valuation functions based on

several different transaction cost evaluation schemes.

® Evidence in favor of the mixture of distribution hypothesis, such as that presented in Harris (1986a,1987), suggests

that many trading decisions are made in event-time.



This study examines valuation functions based only on expected trading profits and
expected transaction costs. The traders are therefore assumed to berisk neutral. Risk neutrality
does not seriously reduce the usefulness of the results even if traders are risk averse. Expected
profit maximization will generate approximately the same strategies as expected utility
maximization if order size is small relative to wealth and if the trading problem is frequently

repeated.’

Feasible Strategies
The set of feasible strategies specifies the actions that traders may take at the beginning of each
interval. This study assumesthat at each interval, a trader can submit a market order, a limit
order with adiscrete limit price, or do nothing.

Sometimes the trading problem restricts the feasible set. For example, precommitted
liquidity traders must submit market orders at their trading deadlines, and brokers cannot submit

orders that would violate reservation price constraints.

Valuation Function Evaluation
The final set of assumptions specifies how the traders’ expect their orders will perform and how
they expect prices to evolve over time. These assumptions are used to compute

1. the prices at which orders execute,

2. the probabilities that they execute, and

3. the distribution of future prices should orders fail to execute.
These quantities are then used to evaluate the valuation function for a given order strategy. Since
the three stylized traders have different private information about security values, different sets of
assumptions characterize the traders’ expectations.

Trader expectations about how orders execute depend on the market structure into which
they submit their orders. For example, in pure quote-driven dealer markets, small orders

typically execute at the best opposing dealer quote, regardless of whether they are market or limit

6 Expected utility objective functions can be analyzed with the methods used in this paper, but at substantially
greater numeric cost. Intherisk neutral models presented below, risk aversion can be represented approximately by

assigning fixed costs for submitting limit orders that produce uncertain execution prices.



orders.” In public auction markets, market orders sometimes experience price improvement, and
limit orders execute with probabilities that depend on where traders place their limit prices
relative to the standing bid and ask quotes.? The models introduced in this study allow these
differences to be specified.

Trader expectations about order execution also depend on security characteristics such as
volatility, spread, and liquidity. For example, wide spreads make market orders expensive, and
high volatility facilitates limit order executions. Again, the models allow these characteristics to

be specified.

Solution and Analytic M ethods
The dynamic programs specified in this study are solved using numeric methods. Numeric
methods are necessary because the integrals in the valuation functions that represent trader
expectations are analytically intractable. After evaluating these integrals, the solutions are
obtained using standard dynamic programming methods. The need to evaluate numeric integrals
of numeric functions, however, complicates the analysis.

The dynamic programs include parameters that specify characteristics of the valuation
function, of the feasible set, and of trader expectations about prices and order execution

processes. The most important of these parameters characterize price volatility, the bid/ask

A pure quote-driven market is a market in which dealers supply al the liquidity. In such markets, public traders

typicaly buy from dealers at the lowest ask price offered by any dealer, and sell to dealers at the highest bid price

offered by any dealer. Although dealers may represent a public order in their quote, they rarely do so.

8ina public auction market, an exchange matches public orders with each other according to a set of precedence

rules. Precedence usually is based first on price and then on time of arrival. In a continuous public auction market,

trades are usually arranged when a market buy (or sell) order is matched to the standing sell (or buy) limit order that

has the greatest precedence. A public limit order can therefore supply liquidity directly to a public market order. A

limit order that is aggressively priced (high price if abuy order, low priceif asell order) has high precedence and

therefore will more likely execute quickly than will aless aggressively priced order. Dealers may also participate in

these public auction markets. Market orders experience price improvement if a trader—typically a dealer—is willing

to fill the order at a price better than the quote.



spread, the minimum price variation (tick size), information dissemination rates, and various
aspects of execution difficulty. Comparative static effects for each parameter are identified by

solving the models for various parameter values.

C. RELATIONTO OTHER STUDIES

The present study is related to three themes in microstructure research. The first theme considers
how transaction costs should be measured to evaluate and control trader performance.

Berkowitz, Logue and Noser (1988), Beebower (1989) and Perold (1988) propose several
transaction costs measurement methods. Beebower (1989) and Harris (1990a) informally
evaluate their various properties. The present study provides formal theoretical results that show
which measurement methods best solve the agency problems associated with trading through
intermediaries.

The second theme examines empirical evidence on order submission strategies. With the
increasing availability of order flow data, several studies attempt to describe the ex post
performance of particular order submission strategies. Bronfman (1992), Angel (1995) and
Harris and Hasbrouck (1996) examine the tradeoffs between NY SE market and limit orders. The
strengths and limitations of these papers liein their reliance on actual orders. When the history
of an order isfully described over time, itsfinal disposition can be determined precisely. On the
other hand, these studies have little or no information about the trader’s overall objective, the
market conditions that led the trader to select a particular order, or how the order fit in with the
trader’ s dynamic strategy.

Without individual order data, inferences may be drawn from the patterns of reported
trades and quotes. In the CAC system used by the Paris Bourse, for example, quotes derive
amost exclusively from public limit orders and transactions reflect the crossing of market (or
marketable limit orders) with these quotes. Biais, Hillion and Spatt (1995) examine order arrival
characteristics in this market. Hamao and Hasbrouck (1992) likewise consider the Tokyo Stock
Exchange, which is similarly organized. The market data underlying these studiestypically
permits computation of execution costs for market orders. Even for market mechanisms that do

not permit direct inferences about orders from reported trade and quote data, it may be possible



to investigate simulated strategies. Handa and Schwartz (1993) examine the performance of
hypothetical limit order strategies given actual New Y ork Stock Exchange price paths.

The final theme considers how traders form their order submission strategies. Several
theoretical analyses examine models of trader order submission decisions. These models are
typically single-period (or at |east single decision-point) analyses in which the trader may place a
market order or alimit order for agiven quantity. In Cohen, Maier, Schwartz and Whitcomb
(1981), this choice (under homogeneous information) leads to a non-trivial spread between the
highest limit buy price and the lowest limit sell price. At the equilibrium spread, the agent’s cost
(in expected utility) of submitting a market order and paying the spread is exactly equal to the
cost of a limit order — a cost arising from the possibility of non-execution. Kumar and Seppi
(1993) model order submission with informed and uninformed traders. Chakravarty and Holden
(1995) examine one-period order submission strategies for an informed trader. The present study
examines trader problems and strategies that are considerably more general than these analyses,
but it does not attempt to characterize equilibria.

Angel (1995) presents a model in which a trader who must trade chooses between a
market order and a limit order. If the limit order fails to execute, the trader resubmits the order as
a market order. The market environment (other traders’' market and limit orders) are assumed to
arise from random Poisson arrivals at random prices. The present analysis is less detailed in its
description of the environment in that the characteristics of other traders' orders are subsumed in
a reduced-form model. It is more general, however, in its consideration of multiperiod dynamics,
allowance for order revision and range of other trading problems.

The study most closely related to this one is Bertsimas and Lo (1996). They derive
solutions to a dynamic programming problem in which a large trader spits orders in an attempt to
minimize transaction cost. The present study does not consider the effect of large orders on
price. It does, however, examine a wider variety of trading problems than does Bertsimas and

Lo. In addition, it examines the incentive compatibility of various used to evaluate brokers.
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II. THE FORMAL MODELS

This section provides formal specifications of the various dynamic programming models. The
presentation starts with features common to all three stylized problems and then proceedsto
features that differ across the problems. For the reader’s convenience, Tables 1 and 2 present

annotated lists of all notation and assumptions introduced in this section.

A. TIME INTERVALS
The following assumptions characterize time in the dynamic trading problems:
1. Time is divided into a series of discrete intervals.
Traders submit an order (if any) only at the beginning of an interval.
Traders may submit orders only if the market is open.
Prices and values change within intervals and trades take place within intervals.

Between intervals, prices and values may change but trades do not take place.

A O

All unfilled orders expire at the end of each interval.

The following conventions are used to refer to time: Intervals are indexed by the
subscript. The indext refers to time within an interval. For notational conveniencanges
from 0O to 1 so that = 0 indicates the beginning of an interval aredl indicates the end.
Variables subscripted yout not indexed by refer to beginning of interval values. Likewise,
variables subscribed Iy but not indexed by refer to end of interval values. The period

betweert+ andt+1 is called the nontrading interval.

B. VALUES, PRICESAND INFORMATION
This subsection and the next describe the processes by which traders expect prices to evolve and
orders to execute. The assumptions that characterize these processes are important because they
determine the value of alternative order submission strategies.

This subsection specifies how traders expect prices to evolve. Separate assumptions are

made for each stylized trader. To avoid repetition, assumptions common to each trader are

11



presented together. For the reader’s convenience, Table 2 summarizes the three sets of
assumptions.

Trader price expectations are developed by specifying three processes. These processes
describe the evolution of values, pricing errors, and pricing error estimates.

The first process describes how fundamental security values change. Fundamental
security value is the (unobserved) theoretical market value of the security that all traders would
agree upon if all information about the security were common knowledge, if all traders were
superior analysts, and if all traders traded rationally. The difference between a security’s market
price and fundamental value is called the pricing error.

The second process describes how pricing errors evolve. This process is not specified for
the uninformed traders. It is specified only in schematic form for the informed traders, and it is
formally specified for the value-motivated traders.

The final process describes what traders know about the current pricing error, and what
they expect about future pricing errors. Trader pricing error estimates depend on the information
they have about values, prices and about other traders. The means by which traders obtain their
estimates from this information are not formally modeled in this study because doing so would
render the resulting models intractable. Instead, the process is characterized by reasonable

assumptions about the resulting pricing error estimates.

Values
Assume that each stylized trader believes that within an interval, underlying security value
follows Brownian motion with zero drift and that volatility varies by inte?valet\/t(r) denote

value at tima within intervalt, let

¥ Brownian motion is assumed because the value diffusion process must be symmetric within intervalsto obtain
tractable solutions. Zero intrarinterval drift is assumed to keep the computations manageable. Allowing drift would
increase the dimension of the numeric integrals necessary to solve the dynamic programming problems by one. The
zero drift assumption should not change the character of the problem significantly since unconditional expected

changes in value are small within typical trading intervals

12



& =V(1-Y(0) "
=V, -V,

denote the interval changein value, and let o, denote the constant volatility of the Brownian
motion within interval t. These assumptions imply that the traders believe the interval value
change ¢, is conditionally normally distributed with mean 0 and variance o?, ‘-

Assume that traders believe that the variance oy, followsani.i.d. Inverted Gamma
process.’® The mixing of the conditional normal distribution with this volatility distribution
produces an unconditional Student-t distribution for value changes. Trader expectations thus
reflect the well-known fat-tailed properties of price changes. Letv denote the Inverted Gamma
(Student-t) degrees of freedom parameter. For small v, the Inverted Gamma distribution is
highly right skewed so that the value process will seem as though it includes ajump process.
Modeling extreme event probabilities is important because limit order option values (and
therefore optimal limit order submission strategies) are sensitive to extreme events.

Finally, assume that traders believe values may also change between intervals. Let

6, =V,u(0)- V()
=V, -V

t+1 t+

(2

denote the nontrading interval change in value following interval t. Assume that traders believe

that 6; is independently distributed with mean p that reflects an expected change in value. For
most analyses presented in this study, the shape and dispersion of the nontrading interval value
change distribution do not matter because the traders are assumed to be risk neutral, and because
their objective functions are all linear in trading profits or transaction costs. Solutions to trading
problems that include a reservation price constraint do depend on the inter-interval volatility
process because the inter-interval volatility affects the probability that the constraint will be

binding in the future. For these problems, assume that that traders beliéyeésthat

independently and identically normally distributed with mean p and conditional variance

10 Autoregressive heteroskedasticity could be modeled by adding another state variable to the dynamic programming
problems. This addition, however, would make coding and computing solutions to the problem prohibitively

expensive.
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proportional to 0\2,1t (so that there is acommon volatility factor), and assume that 6; and €; are

Independent.

Pricesand Information
Assume that traders believe that the midspread price P (the average of the bid and ask quotes) is

the sum of the underlying security valueV plus a pricing error €

R(7)=Vi(1) +&(7) (3
The bid B and the ask A are respectively one-half of the spread S below and above the midspread
price P:

B(r)=R(7) (4)

A(1)=R(7)

The three stylized traders differ in the information they have about the pricing errors.

T
T

N N

S
S

+

Assume that uninformed liquidity traders have no information about pricing the errors
and security values. Further assume that they have no model that would allow them to extract
information about the pricing error process from the history of prices. With such poor
information, prices appear to follow arandom walk to them. Their best estimate of the pricing
error will be zero:

&(r)=0. (5)

Informed traders have information that allows them to construct a one-time estimate of
value, and from that estimate, an estimate of the current pricing error. Assume that the error in
their pricing error estimate, Y; = & — & , has mean zero and is independent of all other variables.

Informed traders believe that the information upon which their value estimate is based
will eventually become public and that prices will adjust accordingly. Astime passes, their
estimate of the pricing error must therefore decline towards zero. Assume that informed traders
expect that their estimate of the pricing error will decay at a constant exponentia rate.

The actual rate of decay in their pricing error estimate may be different from the expected
rate of decay. Even though informed traders receive no new private information about values,
they may be able to make some inference about values from subsequent prices. For example,

suppose that based on their information, informed traders believe price is 30 percent below

14



fundamental value and that 10 percent of the difference (3 percent) will be realized within one
day. Suppose further that they believe that the standard deviation of value innovationsis two
percent per day. If pricerises by 15 percent in one day, these traders will be surprised: They
expect priceto rise by only 3 percent as other traders learn their information, plus or minus about
two percent for unexpected changes. Upon seeing a 15 percent rise, these traders will more
likely attribute it to an earlier than expected reaction to their information than to an extraordinary
12 percent risein value. Their estimate of the pricing error on the next day will be closer to 15
percent than to the 27 percent that they earlier expected. In practice, their estimated pricing error
will be afunction of al price changes observed since they obtained their information.

To keep solutions tractable, this learning process is not modeled. By assuming that
informed traders expect that their estimate of the pricing error will decay at a constant
exponential rate independent of future price changes, the model implicitly assumes that informed
traders are myopic about the effect of future price changes on their future estimates of value™*
This assumption does not, however, preclude the traders from subsequently updating their
estimates after prices have changed.

To keep the dynamic programs computationally manageable, assume that informed
traders expect that the decay in their estimated pricing error takes place only between intervals so

1 The biasin the optimal trading strategy that results from this myopic assumption is not likely to be large. The bias
depends on the implied bias in the expected valuation function. Assume that the myopic estimateisthe
unconditional mean of the proper update. The biasin the expected valuation function can then be approximated
using asimple second order Taylor series expansion around the myopic estimate. The resulting approximate biasis
the product of the variance of the myopic approximation error and the second derivative of the valuation function
about the myopic expected pricing error. When the expected pricing error is small, the bias in the optimal strategy is
likely to be small because the myopic approximation error variance will be small. When the expected pricing error is
large, the biasin the optimal strategy is likely to be small because the value function will be a nearly linear function
of the expected pricing error and because the optimal strategy will probably be a market order in any event (if the

expected decay rateis significant.)
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that the expected price change within the interval is zero.* Stated formally, at the beginning of
interval t, informed traders make an estimate (assumed to be given in this problem) & of the
pricing error e based on their initial estimate of value and perhaps also on changesin price
observed since then. Their expectations for the evolution of their pricing error estimate are
described by

E(&(r)=¢ (6)
within interval t, and

E&.)=¢ ()
between intervalst and t+1 where (1- ¢) isthe exponential rate of decay. This assumption is
unattractive because the incentives to trade quickly are not properly represented when the
expected rate of decay ishigh. This deficiency can be addressed by shortening the interval length
(by reducing variances) so that the expected end-of-interval decay comes sooner*®

Vaue-motivated traders continuously obtain information that they use to estimate current
security values and pricing errors. Let the error in their pricing error estimate, s = & — & , have
mean zero and be independent of all other variables.

Since value-motivated traders estimate pricing errors continuously, they should know the
process by which pricing errors evolve. Assume that value-motivated traders believe that the
pricing error within the interval follows Brownian motion. Innovationsin the pricing error
process may be due to the random arrival of liquidity traders or to innovations in the value
process that are not public knowledge. Like the informed traders, value-motivated traders also
believe that their information will eventually become public and that prices will adjust

accordingly. For reasonsidentical to those discussed above, assume that value-motivated traders

12 7ero drift in the price diffusion process within the interval greatly simplifies the derivation of first passage
probabilities.

13 Mathematical resultsin Shepp (1979) would allow the expected decay to be modeled as alinear drift in prices
within theinterval. Although this specification would more realistically represent the incentives to trade quickly
within an interval, it was not undertaken because its implementation would increase the dimension of the numeric

integrals by one. The resulting complexity would have made the problems too computationally burdensome to solve.
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expect that the pricing error will decay at a constant exponential rate, and that the decay takes
place only between intervals.

The value-motivated traders’ model for the pricing process is formally described as

&(r)=e +n(7) (8)

within intervalt, and

§u =&, )

between intervalsandt+1, whereg, =¢(1)=¢ +n(1). The pricing error innovation,(7)
follows zero drift Brownian motion with innovation variancg . The covariance between the
value innovations and the pricing error innovations is givempy. So that time in the pricing
error process remains synchronized with time in the value process, assume the two variances and
the covariance are all proportional to the same volatility factor. These assumptions imply that the
value-motivated traders believe price changes measured across intervals follow an ARMA(1,1)
process.

At the beginning of each intervialvalue motivated traders estimate the current pricing
error&. Using their assumed model for the pricing error process, their implied expectation of &1

at the beginning of interval tis
E(§..)=¢&. (10)

C. EXECUTION MECHANISM EXPECTATIONS
This subsection describes the models used to represent how traders expect their limit and market
orders will execute. This exposition and all subsequent discussions in this study assume that the

traders want to sell. The analysisfor buy orders would be symmetric.

Market orders

Traders assume that market orders execute immediately when they are submitted at the beginning
of theinterval. The execution price depends on the market structure, the bid/ask spread and on
cross-sectional characteristics of the security. If asmall market sell order is sent to a pure quote-
driven dealer market, the execution price will typically be the dealer bid. If the order is sent to an

auction market, it may sometimes execute at a price inside the spread. It may occasionally even
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execute at the ask if the order is stopped. The difference between the actual trade price and the
bid is called the price improvement.

Solutions to the dynamic trading problems analyzed in this study require only a model for
the average market order execution price. Assume that the worst possible execution price for a
sell market order is the beginning of interval bid price, and assume that traders expect that the
average price improvement is some constant fraction ttof one-half the bid/ask spread. In apure
guote-driven dealer market, traders expect that 1= 0. In an auction market, traders will expect 1t
to be between 0 and 1. To summarize, the expected price for market orders submitted at the
beginning of interval tis

EM, =B +7m3S (11)

=R-(1-m)3S

This analysis treats marketable limit orders as market orders. A marketable limit order is
an order that can be immediately executed against the opposite side quote at the time of
submission. For example, asell limit order is a marketable order if itslimit priceisequal to or
lower than the best bid in the market (and the quantity attached to the best bid is sufficient to
satisfy the limit order size).

Limit orders

The limit order execution mechanism also depends on the market structure. For example, in pure
guote-driven dealer markets, asell limit order typically executes only when the highest dealer bid
risesto the limit sell price.™ In auction markets, a sell limit order executes only when it

represents the best offer and somebody iswilling to take the other side of the trade.

n specialist auction markets when the spread is one-eighth, sell market orders occasionally execute at the ask.
Although the implied price improvement parameter for such executionsis greater than one, the average price
improvement cannot be greater than one if the specialist does not favor sellers over buyers and if the specialist does
not intentionally lose money on market orders.

15 This condition does not guarantee execution in some dealer markets. If the dealer who holds the order is not

required to execute it when his bid is not the best bid, limit order execution may be even more difficult.

18



This study analyzes two limit order execution mechanisms. The first mechanism, which
iIsaspecia case of the second, is most useful for describing limit order execution in pure quote-
driven dealer markets. The second mechanism provides a more realistic execution model for
auction markets and negotiated dealer markets. Most resultsin the study are based on the second
mechanism.

For the first execution mechanism, assume that a sell limit order will execute if, at any
time within the interval, the midspread price exceeds the limit order price by some constant. The
constant determines the difficulty of execution. Its value depends on the market structure, the
bid/ask spread and on cross-sectional characteristics of the security. In apure quote-driven
dealer market in which alimit sell order only executes when the best dealer bid rises to the limit
sell price, the constant is equal to one-half of the bid/ask spread. In very active auction markets,
in which a steady stream of market orders quickly executes standing limit orders, the constant is
minus one-half of the bid/ask spread. This extreme assumption implies immediate execution for
any sell order placed at the offer at the beginning of the interval. Increasing the constant will
produce more realistic results. By varying the constant between minus one-half and one-half of
the spread, different degrees of execution difficulty can be represented. In all cases, the
execution priceis equal to the limit order price. To summarize, sell limit orders execute under

the first execution mechanism if
L, <R(r)-0 atany tininterval t. (12)

where L; isthe limit price of alimit order submitted at the beginning of interval t, and d isthe
degree of execution difficulty parameter. Let Pr(Exec|d) represent the probability that the order
executes given execution difficulty 8. For agiven limit priceL;, Pr(Exec|d) decreaseswith an
increasein 8. Appendix A provides aformulato evaluate this probability.

The second execution mechanism provides a more realistic model of execution. Under
the first mechanism, a sell limit order executes with certainty, if at any time within the interval,

the midspread price exceeds the limit order price by the execution difficulty constant® Under

%in particular, note that if the limit priceis set at P,(0) — &, the limit order will execute immediately because the

probability that Brownian motion rises above its starting point within any finite interval is one.
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the second mechanism, assume that execution is not certain when this condition is met. Assume
instead that the sell limit order will only execute with some probability when the condition is
met.

Call this probability the fill probability and assume that it is an increasing function of the
execution difficulty parameter 8. For o greater than or equal to one-half of the spread, execution
should be certain when the condition is met: Satisfaction of the condition implies that the bid
will have crossed the sell limit price at some point. For & less than minus one-half of the spread,
no execution should occur if the execution condition is only just met but not exceeded. Inthis
case, the sl limit price will never have been lower than the ask.

Assuming that the probability of execution is the weighted sum of execution probabilities
computed under the first mechanism compl etes the definition of the second execution
mechanism. The sum is computed over all possible d and the weights are given by the density of
thefill probability function.

The second execution mechanism can be described formally asfollows: Let F(J) bethe
fill probability function and let f(J) bethe associated density function. Assume that F takes the

following form:
1S
F(0)=|G(d) for -$S<J<1S (13)

where G(9) isadistribution function rising from O to 1 over theinterval [-1S,4S]. The

probability that an order is executed is

Pr(Exec) = [~ Pr(Execld) f(8)dd. (14)

Appendix A provides aformulato evaluate this probability. The first execution mechanismisa

special case of this second mechanism when

&(0) = 0 ford<d

= 1
1 foro>d (19

where d' isthe given specific execution difficulty parameter.
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This analysis uses a Beta distribution to represent G(J) . The standard Beta distribution
is shifted and scaled so that it ranges over theinterval [-$S,4S]. The two degrees of freedom
parameters in the Beta distribution allow the specification of awide variety of shapes. They also
determine the mean and standard deviation of the distribution. When both degrees of freedom

are equal to one, the resulting Beta distribution is the Uniform distribution.

D. VALUATION FUNCTIONS
This subsection describes the valuation functions that the various traders maximize. For

notational convenience, consider only sales of asingle share or contract.

Liquidity Traders

Assume that liquidity traders are risk neutral so that they simply want to maximize the expected
net sales price. (The net sales priceisthe sales price less any costs incurred through order
submission and execution.)

Their brokers, however, may have different objectives. Since customers usually cannot
monitor their brokers’ efforts, brokers may shirk. To prevent this problem, customers often
evaluate brokers by comparing their trade prices to some price benchmark. A risk neutral
broker’s objective may therefore be to minimize measured transaction cost (the difference
between the trade price and the benchmark price) rather than to maximize the sales price.

This study examines three price benchmarks commonly used to measure transaction
costs: the beginning-of-interval bid priBetaken from the interval during which the trade takes
place, the corresponding end-of-interval bid pBge and a prespecified pride,. (WhenP, is
the midspread price prevailing at the time of order submission, the transaction cost measurement
method is called the implementation shortfall method.) Bid price benchmarks are examined
because the resulting valuation function is easily interpreted: Any improvement in price from
using a limit order is measured relative to the worst price at which a market order would have
executed. Benchmarks based on ask and midspread prices produce identical optimal order
strategies to those based on the bid price because the three price processes differ from each only

by constants’

" This obvious result isformally proven in Theorem 1 of the next section.
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The formal description of the valuation function consists of two parts. Thefirst part
describes the dynamic objective function while the second part describes the terminal value of

the valuation function. The dynamic part is given by

W,.(R..) - K, if alimit order is submitted but does not fill
L, -BMR -K, -C, if alimit order is submitted and filled
W(R)=Max E _ . . _ (16)
M, -BMR -K,, —-C,, if amarket order is submitted and filled
W..(P.,) if no order is submitted

where W/(R) is the value of the dynamic program at the beginning of interval t given the
midspread price P, L isthe limit price of alimit order submitted at the beginning of interval t,
M is the execution price for amarket order submitted at interval t, BMP; is a benchmark price,
and K., Ky , C. and Cy are the costs of submitting and the costs of executing limit and market
orders. When the benchmark price is zero, the valuation function represents the sales price
maximization objective. Otherwise the valuation function is a simple transform of the
transaction cost minimization objective: Maximize the negative of the estimated transaction
cost.

The liquidity traders’ trade deadline implies a terminal value for the valuation function.
Since the traders must use market orders to complete unfinished trades at the Tethéline

terminal value for the dynamic program is given by
W,(R,)=E(M; ~BMPR, -K,, -C,,). (17)

The valuation function depends on two state variables, time and price. The deadline
ensures that it depends on time. The valuation function depends on the current price because the
expected prices at which market and limit orders execute depend on the current price. However,
when the benchmark price is a beginning-of-interval price or a post-interval price, the difference
between the expected trade price and the expected benchmark does not depend on the current
price. For these benchmarks, the valuation function depends only on time. When the price
benchmark is a constant prespecified price, the valuation function depends on price, but the
solution to the problem fortunately does not: Corollary 1 of Theorem 1, presented below in
Section Ill, shows that the solution to the prespecified price benchmark dynamic program is

exactly equivalent to the solution to a related program having a valuation function that depends
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only ontime. The reduction in the state space is accomplished by manipulating the problem so
that all prices are expressed relative to the current midspread price.

The maximization is conducted over the set of feasible order submission strategies
(described below). The expectation is computed over all possible outcomes, whose generating

processes are described in the previous section.

Informed Traders

The informed trader’s objective is to obtain the maximum price for the sale subject to the
reservation price constraint. If the reservation price constraint is set at the trader’s estimate of
value, this objective maximizes the value of the portfolio. As in the liquidity trader's problem,
brokers who trade to minimize estimated transaction costs may choose different strategies than
are optimal for sales price maximization.

This study considers valuation functions based on several benchmark prices. When the
benchmark price is zero, the objective is to simply maximize the sales price. When the
benchmark price is the future value of the secWity, the objective is to maximize the expected
value added from trading. When the benchmark price is the price prevailing at the time of order
submission, the objective is to minimize the implementation shortfall measure of transaction
costs. Finally, when the benchmark pricBjghe beginning-of-interval bid price B, the end-
of-interval bid price, the objective is to minimize transaction costs measured relative to these
prices.

For a given benchmark price, the informed trader problem valuation function is similar to
the liquidity trader problem valuation functibh.The expression for the dynamic objective
function is identical to (16). Expressions for the valuation function terminal values differ,
however, because the informed traders can choose not to trade. For the sales price maximization

objective, the terminal value of the valuation function is

Wey(Pr,) = BV, (18)

18 Although the valuation functions have similar expressions, the evaluation of their expected values differ because

the two types of traders have different information.
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since the trader believes that had the security been bought, it would have been worthVr,; at the
end of the deadlineinterval. For the value-added maximization objective, the termina valueis

simply zero since no value is added if the trader does not trade:

W,(Ry) = 0. (19)
For the implementation shortfall minimization objective, the terminal valueisthe lost profit from

the trade not completed:

Wea(R) = Ra—R (20)
where P, is the mid-quote price at the time of order submission. For the transaction cost
measures based on beginning- and end-of-interval prices, the terminal valueiszero asin (19)
because transaction costs generally are not computed for trades not completed (except for the

implementation shortfall method).

Value-motivated Traders
Vaue-motivated traders trade to maximize the values of their portfolios. This objective differs
from seeking the highest price for each trade because value-motivated traders may return to the
market after each trade is completed. Vaue-motivated traders may therefore trade more
aggressively (accept less desirable prices) to increase their rate of profitable trades.

The value-motivated traders’ dynamic valuation function is

-K, if alimit order does not fill
L-V.,-K -C if alimit order fills

M, -V, - K, —C,, if amarket order fills

0 if no order is submitted

W(&) = FEW(8..) + Max E @)

wheref is an inter-temporal discount factor. The discount factor is necessary because the
problem has an infinite horizon. The valuation funcifénepresents the present discounted

value of trading an infinite series of sell orders. It depends tre value-motivated trader’s
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current estimate of the pricing error. Since the value function does not appear on any of the lines

over which the maximum is computed, it has no effect on the optimum strategy.™

E. THEFEASIBLE SET
Each maximization is conducted over a set of feasible order submission strategies. This set
includes a market order, limit orders set at various discrete prices, and the possibility of no order

submission. The discrete limit price set is given by
{L,=A=idfori=041,...,00} (22)
where A, is the current ask price and d is the discrete tick.
When the seller is subject to areservation price constraint, the constraint imposes further
restrictions on the set of feasible strategies. Limit order prices cannot be less than the reservation

price (L; = PF) and no market order may be submitted if the worst execution price (B;) could be

less than the reservation price.

19 Since the order strategy does not depend on the value function, the value function for the combined problem of
setting a buy order and a sell order is easily derived from the solution for the sell order problem. It is the sum of the
sell order value function and its reflection about zero:

V(e)=w(g)+W(-¢)
20 Note that this set changes across intervals because B; is a continuous variable. Unfortunately, a constant grid

would greatly complicate the quantitative analyses. Appendix B discusses the potential biases associated with this

limitation.
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[11. INCENTIVE COMPATIBILITY

Since transaction cost minimization differs from sales price maximization, brokers may choose
different order submission strategies than would their clients. The numeric solutions presented in
Section 1V below demonstrate these differences for several transaction cost measurement
methods. Some transaction cost measurement methods do provide brokers with the proper
incentives. This section presents some theoretical results on the incentive compatibilities of the
various objective functions analyzed in this study.

Theorem 1 provides conditions under which uninformed brokerstrading on behalf of
uninformed liquidity traders will choose the proper strategies when transaction costs are
measured relative to various price benchmarks. In general, brokers choose the optimal sales
price maximization strategy when their decisions cannot predictably affect the measurement
benchmark.?* When trades are evaluated relative to a constant prespecified price, brokers choose
the sales maximizing strategy because they cannot change the benchmark. When the benchmark
isapost-interval price, brokers can change the realized benchmark value by deferring the
execution of an order, but the expected benefits from deferral are zero because uninformed
brokers cannot predict future prices. They therefore also choose the sales maximizing strategy.

A restatement of these results reveals that they may be somewhat surprising. Consider
the risks that brokers face when using limit orders. Brokers whose trades are evaluated relative
to a prespecified benchmark fear that the market will move away from their orders so that they
will have to chaseit. Such traders may reduce thisrisk by pricing their orders more aggressively,
but this will decrease the trade priceif the limit order does execute. Brokers whose trades are
evaluated relative to a post-interval benchmark fear that their orders will execute when prices are
moving through them. Such traders may reduce thisrisk by pricing their orders less aggressively,
but this decreases the probability of filling the limit order. Theorem 1 shows that the optimal

2L The result also assumes that the brokers are forced to internalize the costs of submitti ng orders and executing

trades.
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responses to these two seemingly different risks are the same: Both traders will use the same
strategy (if the inter-interval mean piszero). The result can be understood intuitively by noting
that the two risks are both related to the option value of the limit order, and by recalling that the
traders analyzed in this study are all risk neutral.

Theorem 2 shows how the optimal solutions to the informed trading problem differ by the
objective function specified. The sales price maximization objective and the value-added
maximization objective produce identical optimal order submission strategies. The
implementation shortfall minimization objective produces slightly different but generally similar
optimal order submission strategiesif the pricing error is expected to be small at the time the
shortfall is computed for unfilled orders. When transaction costs are measured relative to a
future price, traders choose strategies that are similar to those chosen by sales price maximizers
only if the benchmark price isfar in the future. If the benchmark price is the same price used to
value an implementation shortfall, the problem has the same solution as the implementation
shortfall problem. Finally, when transaction costs are measured relative to beginning-of-interval
prices, traders will select less aggressive strategies than the optimal sales price maximizing

strategy. The remainder of this section presents proofs and corollaries to these two theorems.

Theorem 1. Incentive Compatibility in the Liquidity Traders’ Problem

In the liquidity traders’ problem,

1. Sales price maximization and transaction cost minimization with respect to a prespecified
price benchmark produce the same optimal order submission strategies.

2. Transaction cost minimization with respect to any post-interval price benchmark produces the
same optimal order submission strategies as the sales price maximization when the inter-
interval value innovation meanis zero.

3. Transaction cost minimization with respect to a beginning-of-interval price benchmark
produces less aggressive optimal order submission strategies (when the inter-interyal mean

Is zero) than does sales price maximization.
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Proof
The proof proceeds by transforming the various valuation functions into comparable expressions.
Before starting, recall from Section I1.B that the uninformed trader believes price evolves

according to the following process:

Ru=R+&+6 (23)
where the intra-interval price innovation & is distributed with zero mean and the inter-interval
price innovation 6; is independently distributed with mean p so that

ERP,. =P +su. (24)
Constant Prespecified Benchmark: Proof of Point 1.

The value function for the liquidity trader’s trading problem with a constant prespecified price

benchmark®, is given by

W,.(P,,) - K, unfilled limit order
-P-K -C limit order filled
W(R)=Max E LR TG . (25)
M,-P -K,, -C,, market order filled
W.,(P,,) no order submitted
and
VVF(PT):E(MT_R)_KM_CM)' (26)
Add P, — EP;,; to both sides of (25) and (26), let
W (R)=W(R)-R+FR, (27)
and take expectations to obtain
W, (R,) - K +u unfilled limit order
-P-¢ —-K_—C_ limitorder filled
W (R)=Max E LR CaTK G m » (28)
M,-R-K, -C, market order filled
W,,(R,,) + 1 no order submitted
and
W, (R)=E (M; - P -K, ~C,). (29)
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Theterm g remainsin Line 2 of (28) because its expectation, conditional on the execution of a

limit order, is not zero. Since expression (28) does not depend on the prespecified price Py, all

problems with constant prespecified price benchmarks have the same solution. These problems

include the sales price maximization problem for which P, = 0 and the implementation shortfall

problem for which P, is generally specified as the midspread price at the time of order

submission.

Post-I nterval Benchmarks: Proof of Point 2.

Let Pys + ¢ be apost-interval price benchmark wheret+s indicates time at the end of the interval

(t+) or later. The constant c may besetto -3, O, or 5 to respectively indicate abid, quote

midpoint, or ask price. The valuation function for this benchmark is given by

W..(R,,) - K, unfilled limit order
-P,.,—c-K_-C limit order filled
W(R):MaXE L( t+s L L .
M,-PR,.,—c-K,, —C,, market order filled
W..(R..) no order submitted
and
W,(R) = E(M, =B, ~c-K, -C,)
Let

W (R)=W(R)+su+c
and evaluate the expectations in (30) and (31) to obtain
W..(R.,) - K, unfilled limit order
L-RP-&-K —C_ limitorder filled
M,-P-K,, -C, market order filled
W.,(P.,) no order submitted

W (R)=Max E

and

W(R)=E(M, ~R K, ~C,).

(30)

(3D)

(32)

(33)

(34)

When | is zero, (33) and (34) are the same as (28) and (29) so that the two problems have the

same solution.
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Beginning-of-Interval Price Benchmark: Proof of Point 3.
Let P; + ¢ be a beginning-of-interval price benchmark. The constant c may be set to
-3, 0, or $ torespectively indicate a bid, quote midpoint, or ask price. The valuation function

for this benchmark is given by

W,.(R,,) - K, unfilled limit order
(R) = Max E L-P-c-K -C limit order filled (35)
WiR)= M,-P-c-K, —C, marketorder filled
W..(R.,) no order submitted
and
Wi(R) = E(M; =R —c=K,, -C,). (36)
Let
W (R)=W(R)+c (37)
to obtain
W..(R..) - K, unfilled limit order
. -P-K, -C limit order filled
W (R)=Max E L-P-K -C imit order fi . 38)
M,-R-K, —-C,, marketorder filled
W..(P.,) no order submitted
and
W(R)=E(M; ~ P, ~K, ~C,). (39)

Transaction cost minimization with respect to a beginning-of-interval price benchmark produces
different optimal order submission strategies than does sales price maximization because (38)
and (28) differ: Expression (28) includestermsinvolving p and €. The conditional expectation
(given alimit order execution) of & is positive because sell limit orders execute, on average,
when intraday pricesrise. It isan increasing function of the limit priceL; because distant limit
orders only execute when intraday prices rise substantially. Sinceg; enters Line 2 of (28) with a
negative sign, it makes limit orders relatively less attractive than market orders, and it makes

closely placed limit orders relatively more attractive than distant limit orders. Sales price

30



maximizers will therefore choose more aggressive order strategies than will transaction cost

minimizers who face a beginning-of-interval price benchmark.

Corollary 1.1
The optimal solution strategy for the uninformed liquidity traders’ sales price maximization

problem depends only on the time until the deadline and not also on the current price.

Proof

Recall from Section II.C that

EM, =R -(1-m)3S (40)
and let
L=L-A
=L -(R+13) )

be the limit price expressed relative to the current ask so that (28) and (29) can be expressed as

W.(R,.) - K, +u unfilled limit order
L +1S-¢ -K_-C_ limitorder filled

"(P)=Max E 42
WR)=MaxE) ) i s_K, —C, market orderfilled (42)
W, (R,) + 1 no order submitted
and
\Nr*(PT) = _(l_ m3S-Ky =Cy. (43)

Since the argumeif in the valuation functioV does not appear in lines 2 and 3 of (42) or on
the right hand side of (43), and since the feasible set does not deg@nthervaluation

functionW does not depend d% . Only one state variable is needed to describe this
transformed dynamic program. Since the operations necessary to obtain this transformed
dynamic program are not dependent on the set of feasible strategies, the transformed dynamic

program and the original dynamic program have the same optimal submission strategies.
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Corollary 1.2
When |1 is zero, the ex ante expected value of the valuation function given a post-interval
benchmark is the same as its ex ante expected value given a prespecified price benchmark if the

two benchmarks have the same relation to the midspread price.

Proof
When | is zero, Theorem 1 shows that both problems have the same optimal solution because
they both can be transformed to the same problem ((28) and (29) or (33) and (34)). Therelation
between the optimized valuation function for the untransformed prespecified price benchmark
problem and the common transformed problem is given by (27). The analogous relation for the
post-interval price benchmark problem is given by (32). Setting these expressions equal yields
W(R)=R+R =W'(R)+su+c (a4)
where W°(R) and W' (R) are respectively the valuation functions for the untransformed
prespecified price benchmark problem and the untransformed post-interval (future) price
benchmark problem. Let P, = P, + ¢ so that the prespecified price bears the same relationship to
the midspread price as does the post-interval benchmark price, and let the subscript r indicate
some interval before the start of the problem. Taking expectations as of interval r of both sides

of (44) yields
EW(R)-ru=EW'(R)+su (45)
which proves equality when 1 is zero.

Theorem 2: Incentive Compatibility in the Informed Traders’ Problem

In the informed traders’ problem,

1. Sales price maximization and value-added maximization produce identical optimal order
submission strategies.

2. Transaction cost minimization with respect to a post-interval price benchmark produces the
same optimal order submission strategy as the implementation shortfall minimization method

does when the price benchmark is the price used to price the shortfall.
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3. Implementation shortfall minimization also produces the same optimal order submission
strategy as sales price maximization when the expected pricing error ér,; at the time the
shortfall is priced, isvery small.

4. Transaction cost minimization with respect to a post-interval price benchmark that isset at s
intervals after the trade produces the same optimal order submission strategy as sales price
maximization if sislarge so that the pricing error &,sisvery small.

5. Transaction cost minimization with respect to a post-interval price benchmark that is set at s
intervals after the trade produces less aggressive order submission strategies than does sales
price maximization if sissmall.

6. Transaction cost minimization with respect to a beginning-of-interval price benchmark

produces the |least aggressive optimal order submission strategies.

Proof
The proof proceeds by transforming the various valuation functions into comparable expressions.
Before starting, recall from Section 11.B that the informed trader believes price evolves according

to the following processes:
R=Vi+¢ (46)

V,

wm =Vt E+6 (47)
where g isapricing error, the intra-interval value innovation ; is distributed with zero mean and
the inter-interval value innovation 6; is distributed with mean p. Recall also that the informed

trader’s estimate of the current pricing erra& iand his expected estimate of &1 iS given by

€y =08 . (48)

These assumptions imply that
I:¥+1_F¥:et+1_e[+“:t+9t (49)
Vt+s = R - e( + Z Et+i + Z 0t+i (50)

and
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I:¥+s: R_et +i£t+i +iet+i +et+s '
1=1 1=1

I mplementation Shortfall Minimization

The valuation function for the implementation shortfall minimization problem (actually the

maximization of the negative of the shortfall) is given by
W+1( I:¥+1) - KL

-P-K, -C
W(R)=Maxe| n B

MI_R)_KM_CM

W+1(R+l)

and

\Nr+1( PT+1) = PI'+1 - R;

unfilled limit order
limit order filled

market order filled
no order submitted

where P, is the prespecified price. Add —P; + P, + & to both sides of (52) and add

0=-P,1 + P,1 to Rows 1 and 4 to get:

W+1(R+l)_R+l+R+1_R+R)+é(_KL
-P+&-K -C,
W(R)-R+R+& =MaxE| oL
M -R+6&- CM
W..(Ra)-R ~R+R
Substitute (49) to get
V\4+1( ) ate+6 te,—g+&+R -K
P+é K -C
= Max E L - e[A L L
M -R+&-K, -Cy
V\4+1( t+)_ +£ +0 +e[+1 et+é[+RJ
Take expectations to get
W+1(R+1)_R+1+£t+/J+é(+1+RJ_KL
= Max E L-R+&-K -C

Let

unfilled limit order
limit order filled

market order filled
no order submitted

unfilled limit order
limit order filled

market order filled
no order submitted

unfilled limit order
limit order filled

market order filled
no order submitted

(51)

(52)

(53)

(54)

(55)

(56)

(57)



and subtract Eg; = 0 from both sides to get the transformed valuation function

W.(R,) + 1=K, unfilled limit order
. -P+é-¢ —-K, —C, limitorder filled
W(R):MaXE Lt t e[A t L L . (58)
M,-P+&-K,, -C, market order filled
W, (R,)+ 1 no order submitted
The transformed terminal value condition is
W (Pra) = € - (59)

Sales Price Maximization

The transformed valuation function for the sales price maximization specification is almost
identical to that of the implementation shortfall minimization specification. The dynamic part of
the objective function is the same as (58) because a prespecified benchmark price of P, =0
implies sales maximization. The transformed terminal value condition differs, however, because
the untransformed condition differs. The untransformed terminal value condition for the sales

price maximization specification is

\M+1(F?|—+l) = EVT+1 . (60)
= PT+1 €
The transformed terminal conditionis
W, (P,)=0. (61)
Value-Added Maximization
The value-added maximization valuation function is
V\4+1(F{+1) -K, unfilled limit order
-\V..,-K, -C limit order filled
W(R):MaXE Lt TA+1 L L . (62)
M, -V;,, - K, —C,, market order filled
W..(P,, no order submitted
with termina condition
W,y(Pr,y) = 0. (63)

Substituting (50) and taking expectations yields the transformed valuation function
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W..(R.,) - K, unfilled limit order

Lt P+&-¢g —(T+1-t)u-K_—C_ limitorder filled
P+&—(T+1-t)u—-K, —-C,,  market order filled

V\4+1( t+1) no order submitted

W(R)=Max E
Add (T +1-t)u to both sidesand let

to get

W, (R, + - K, unfilled limit order
L-R+&§-¢&-K_—-C_ limitorder filled

M,-RP+¢&-K, -C, market order filled
W, (R,) + 1 no order submitted

This transformation leaves the terminal condition unchanged.

Transaction Cost Minimization with Post-1 nterval Price Benchmark P11

The valuation function for the post-interval price benchmark Pr,; is given by

V\4+1(F{+1) -K, unfilled limit order
-R,-K, -C limit order filled
W(R) — MaX E Lt T+ L L .
M, - R, —-K, —C, marketorder filled
W.,.(P.,) no order submitted
with terminal condition
V\4'+1(PI'+1) =

Substituting (51) and taking expectations yields the transformed valuation function

W,.(P.,) - K, unfilled limit order

W(R) = Max E L-R+&-¢g—-(T+1-t)u—-&.,-K_-C_ limitorder filled
) =

Add (T +1-t)u+é.,, toboth sidesand let
W (R)=W(R)+(T +1-t)u+é,

to get
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M -P+&-(T+1-t)u-&,-K,-C,  marketorderfilled
W,.(R..) no order submitted

(64)

(65)

(66)

(67)

(68)

(69)

(70)



W, (R,.) + - K, unfilled limit order
L-P+&-&-K_—-C_ limitorderfilled

M,-RP+¢&-K, -C, market order filled
W,,(R,) + 1 no order submitted

The transformed terminal conditionis
\Nr*+1(PT+1) = ér+1 :

Transaction Cost Minimization with Post-1nterval Price Benchmark Pr.s
The valuation function for the post-interval price benchmark is given by

W,,(R,) - K, unfilled limit order
L-P.—-K —-C limit order filled
M, -PR..— K, —C, market order filled

t+s

W.,(P.,) no order submitted

W(R)=Max E

with terminal condition

V\4'+1( I:?I'+1) = 0 )

Substituting (51) and taking expectations yields the transformed valuation function

W,,(R,) - K, unfilled limit order
-P+é-¢ -su-é,.—K —C_ limitorder filled
W(R):MaXE L[ t e[A t /"1\ e[+S L L )
M,-R+&-su-¢6,,—-K,, -C,  market order filled
W.,(P.,) no order submitted

Transaction Cost Minimization with a Beginning-Of-I nterval Price Benchmark

The valuation function for this case requires no transformation. Itis

W..(P,,) - K, unfilled limit order
L-P-K -C limit order filled
-P-K,, -C,, marketorder filled

Mt t
W.,.(P.,) no order submitted

with terminal condition

V\lﬂl(Pﬂl) = O -
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(72)

(73)

(74)

(75)
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Summary of Proof

Points 1 through 4 of the theorem are proven by inspecting the transformed val uation functions,
which are summarized in Table 3. Transaction cost minimization with respect to a post-interval
price benchmark set sintervals after the trade produces less aggressive order submission
strategies than does sales price maximization when sis small (Point 5) due to the term —& s that
appearsin lines 2 and 3 of the transformed valuation function for the former specification. This
term, which is always negative (for an informed sale) makes order execution less attractive.
Transaction cost minimization with respect to a beginning-of-interval price benchmark produces
the least aggressive optimal order submission strategies (Point 6) because the value function does
not include the positive term & in lines 2 and 3 and because it does not include the term —€; in
Line2. The omission of the former term makes all order executions less attractive. The
omission of the latter term makes limit orders placed far from the market more attractive than
limit orders placed close to the market because its expected value (given alimit order execution)

IS negative and its absol ute size decreases the further from the market the limit order is placed.
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V. NUMERIC SOLUTIONSAND COMPARATIVE STATIC RESULTS

The numeric solutions provided in this section are interesting both for practical and theoretical
reasons. For practitioners who accept that the model assumptions and the chosen parameter
values reasonably represent their problems, the quantitative results provide specific solutions that
may help them form their order submission strategies. Theoretical interest in these results comes
from the difficulty of obtaining formal expressions for the model comparative statics. Although
most effects from varying the parameters can be predicted by examining the model specification,
they cannot be expressed formally because the various integrals that appear in the objective
function and the recursive nature of the dynamic problem complicate the analysis. The numeric
solutions allow us to explore the comparative statics of the models.

This section starts with a discussion of how the models are solved. It then examines
solutions for each of the three stylized problems. For each problem, a baseline set of parameters
Is specified and the corresponding solution is obtained. Model comparative statics are examined
by varying parameters in the baseline specification and comparing the resulting solutions to the

baseline solution.

A. SOLUTION METHODS

The various valuation functions specified in this study for the prespecified uninformed liquidity

trader problem and for the informed trader problem all can be expressed in the following form:

W,,(R,.)+C unfilled limit order
L-P-&+C, limitorderfilled

M, - P +C, market order filled
W,,(Sate,,) +C, no order submitted

W(R) = Max E (79)

where the various C; are constants that may depend ont but not on the price state variable or on
variables that generate prices. In some specifications, the price state variable and/or the value-

innovation &; do not appear.
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To simply the calculations and the presentation of the results, each problem is restated to
make the feasible limit order space and the state space stationary. Using (11), (78) is transformed
to
W,,(R,)+C unfilled limit order
L - +C, limit order filled
—(1-m)1S+C, market order filled
W,,(R,)+C,  noorder submitted

W(R)=Max E (79)

whereL; = L, — A isthe limit price expressed relative to the current ask priceand C, =C, +1S.

The maximization is then done over the stationary variable L; instead of the non-stationary

variable L;. Likewise, the state variable for the informed trader’s problem with the reservation
price constraint, is transformed frdPato PMR; = P; - P to make the state variable stationary.
(The state variable in the value-motivated traders’ prokdgms,already stationary.)

Several numeric integrals must be computed to evaluate these valuation functions. In
each problem, the probability that alimit order executes must be computed for al feasible limit
order strategies. This probability and its complement are used to compute the expected val ues of
the constantsin lines 1 and 2 of (79). In addition, for those problems that require it, the partia
expectation of the value innovation &; (line 2) must be computed for all outcomes that lead to a
limit order execution. Finally, for those problems in which the valuation function depends on
price, two additional integrals also must be computed. The first isthe partial expectation for the
valuation function for limit order submissions that fail to execute (Line 1). The other integral is
the unconditional expectation of the valuation function (Line 4). Appendix A describes the
methods used to compute these numeric integrals.

Those problems that have terminal conditions (the uniformed liquidity traders’ problem
and the informed traders’ problem) are solved by backwards induction starting from their
terminal conditions. At each interval, the valuation function is evaluated for each feasible
strategy given the valuation function at the next interval. The best strategy is then selected, and
its associated value is the value of the problem in that interval.

The infinite period value-motivated traders’ problem is solved by finding a strategy for

each state variable level (the current pricing error estimate) that gives a fixed point in the
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function space for the valuation function W(&). The problem is easier than it seems since (as
noted above in Section 11.D) the optimal strategy depends only on & and not also on W(&). The
optimized valuation function is found by assuming a discrete | attice to represent the continuous
variable &. The maximized valuation function (21) can then be expressed as a linear matrix
equation that simultaneously describes that valuation function and the numeric integral necessary
to evaluate the unconditional expectation of the valuation function. The fixed point solution is

found by solving this equation.??

B. THELIQUIDITY TRADER PROBLEM

Thefirst set of results (Table 4) explores how spreads and volatility affect optimal order
submission strategies. Since these variables are the most important determinants of order

submission strategy, solutions are presented for a variety of scenarios that practitioners may face.

Baseline Parameter s

The baseline solution assumes that the liquidity trader maximizes the difference between the net
sales price and the prevailing bid at the time the decision to trade was made. Theorem 1 of
Section |11 shows that this objective produces the same optimal order submission strategies as the
sales price maximization objective. This objective was chosen for the baseline solution because
the optimized valuation function lends itself to two easy interpretations. It isthe expected
portfolio implementation shortfall, and, when [ is zero, it is equal to the expected price
improvement measured relative to the end-of-interval bid (Corollary 1.2).

The execution and submission costs are set to values that practitioners likely face for
1,000 share orders. The execution costs per share are set to 3 cents for both order types.

Submission costs are set to zero for market orders and to 0.2 cents per share for limit orders. The

22 This equation is

w=Aw+cC
where w is the vector of value function values corresponding to the lattice for & A isamatrix of integration weights,

probability densities and discount factors, and c is avector of the maximized values of the right most term of (21).
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limit order submission cost is primarily due to the surveillance required to manage limit orders
that do not fill. At 0.2 cents per share, this cost is 2 dollars per interval.

The market order price improvement parameter is set to 50% of the half-spread. This
fraction is suggested by empirical results in Harris and Hasbrouck (1996). Although they show
that the price improvement rate varies somewhat with the bid/ask spread, the parameter is held
constant in Table 4 so that the effects of changing the bid/ask spread will be unambiguous.

The two degrees of freedom parameters that appear in the beta distribution assumed for
the limit order fill probability distribution are both set to 1. The resulting distribution is
uniform.?

The degrees of freedom parameter that appears in the Inverted Gamma distribution for
volatility (and hence in the implied Student-t distribution for unconditional price changes) is set
to 3. Thislow value ensures that the probability of large price changes will be large. Itison the
lower side of empirical results reported by Praetz (1972) for daily price changes, and on the
higher side of unpublished empirical results obtained by the author for higher frequency data.

The inter-interval drift is set to zero to reflect its approximate value over short intraday
intervals. Thisassumption is consistent with empirical results found in Harris (1986b) and
elsewhere. These results show that the average intraday return on stocks has been near zero.
Most of the positive average holding returns on stocks have accrued while the markets are
closed.

The discrete tick used to specify the feasible limit ordersis set to /8 dollar. Thisvalueis
used for most stocks traded at US and Canadian stock markets.

Quantitative Results
Table 4 presents solutions to the uninformed liquidity trader problem for various combinations of

price change volatility and spread. All other parameters are held constant.

2 These parameters can be estimated using data on limit order execution frequencies. This exerciseisleft for future
research. Although the results will probably vary with stock volatility, firm size and bid-ask spread, the uniform
distribution is used in this analysis so that the effects of changing bid-ask spreads and changing volatilities will be

unambiguous.
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Solutions are computed for five values of the intra-interval price change standard
deviation. These values represent awider variety of problems than might be immediately
obvious. Since the price change standard deviation is the product of the return standard deviation
times the price level, the solution for a 10 dollar security with a 2 percent daily return standard
deviation with decisions made over daily intervalsisidentical to the solution for a 40 dollar
security with a 0.5 percent half-hourly return standard deviation with decisions made over half-
hour intervals. Both problems have a price change standard deviation over their respective
intervals of 20 cents.

The numeric solutions show that orders should be placed close to the market when the
deadlineis near (Table 4, Panel A). When the deadline is distant, orders should be placed farther
from the market. Though these orders will be filled less often (Panel B), the trader will usually
be able to avoid using a market order (Panel C). The dynamic limit order strategy produces
higher sales price variance, however (Panel D). The value of the trading program is greatest for
distant deadlines (Panel E), and most of the value can be obtained within just afew intervals
(Panel F).

The value of the trading program generaly is lower for high volatilities (Panel E, Rows 3-
10). High volatilities make limit order strategies less attractive because volatility increases limit
order option values. Low volétilities allow the trader to submit orders close to the market
without giving up too much option value. Such orders often fill before the market can run too far
away in the other direction. However, if little time remains until the deadline, the value of the
program is smaller for low volatilities that are small relative to the discrete tick (Panel E, Row 1).
In such cases, the optimum limit order price for a given volatility is not available on the discrete
lattice and the volatility is not great enough to ensure a favorable execution at the nearest tick
before the deadline.

High spreads increase the benefits of using limit orders. Given the assumed uniform fill
probability distribution, an increase in the spread increases the probability that any given limit
order will fill. Since limit ordersin this model execute only when the limit price is between the
bid and offer (inclusive), the expected value of the program is never greater than the spread
(Panel E).



For agiven volatility, the effect of the spread on the order submission strategy depends on
the time remaining until the trade deadline. If little time remains, the limit priceis set close to
the prevailing ask when spreads are wide: Traders want to ensure that their limit ordersfill so
that they benefit from the wide spread instead of paying it should they be forced to use a market
order. If the deadlineisdistant, the strategy isless aggressive when the spread iswide: The cost
of failing to trade is lower because a more aggressively priced order placed later will probably
still fill at agood price. When the aggressiveness of the strategy is measured relative to the
spread midpoint, less aggressive strategies are uniformly chosen when the spread is wider:

Wider spreads increase the probability that any given limit order will fill.

Table 5 illustrates the effects of changing other parameters. The first column presents a
baseline solution (the same asin Column 9 of Table 4) to which other solutions are compared.
The baseline parameter set includes all those mentioned above. In addition, the bid/ask spread is
set at 25 cents and the interval value innovation standard deviation is set at 40 cents. The other
columns present solutions for which the value of one parameter is changed.

Traders are substantially less aggressive when their trading is evaluated relative to
beginning-of-interval prices than prespecified (or equivalently end-of-interval) prices (Column
2). They place their orders far from the market and wait for an extreme price change that will
make them look good when they execute. The value of this trading problem is much higher than
the value of the baseline problem, but the differencein value is not real because it does not
accrue to the portfolio. It arises because the benchmark is reset each interval: the trader is not
penalized for executions that result after chasing afall in prices*

Theresults in Columns 3-5 illustrate the easily predictable effects of the execution
difficulty parameters. A decrease in expected market order price improvement makes market
orders |ess attractive so that limit order strategies become more aggressive (Column 3). A shift

of massin the execution fill probability density towards higher prices makes limit sell orders

24 Anincrease in volatil ity will make these traders less aggressive and further increase the value of their problem.
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easier to execute and thereby favors limit order strategies (Column 4)° Limit order strategies
become more aggressive because the higher probability of quick execution decreases the option
value of the order. Finally, limit orders are not used when they can only be executed at dealer bid
prices (Column 5). When the trading mechanism requires the seller to trade at the bid, limit
orders cannot benefit from the spread. In such markets, sellers use market orders to avoid losses
due to limit order option values.
The order submission and execution cost parameters also have easily predictable effects.
If both limit and market order submission costs are high, the limit order strategy should be
aggressive. It should also be aggressive if the limit order submission cost is greater than the
market order submission cost. If execution costs are equal for both order types, these costs
should not affect order submission strategy because the liquidity trader must trade and incur them
inany event. If the commission for limit ordersis higher than for market orders, as is sometimes
the case, limit order submission strategies should be less aggressive.
Columns 6 and 7 illustrate two of these effects: Market orders are more attractive when
their execution cost fallsto 2 cents per share while keeping the limit order cost at 3 cents
(Column 6). In this baseline problem, this small change—which might be due to payment for
order flow—only affects the value of the problem and not the order submission strategy. If the
tick were smaller, the effect on strategy would be apparent. Second, traders submit limit orders
at more aggressive prices when their submission cost increases from 0.2 cents per share to 0.4
cents per share (Column 7).
The value of the dynamic trading program increases when the tick size decreases to one
cent (Column 8, Panel C). The smaller tick size allows more precise strategies to be used (Panel
A). The increase in value, however, is remarkably small. The coarse discrete feasible set in the

baseline problem does not significantly constrain the solfftion.

%5 The massis shifted by adjusting the two beta distribution degrees of freedom parameters so that the mean shifts
while holding the variance constant.
2 Although this result suggests that a decrease in tick size, such as that proposed in the SEC Division of Market

Regulation Market 2000 Study (1994), would not benefit limit traders, it must be noted tick size has other effectson

45



Trading strategies become less aggressive when the inter-interval mean price change
increases to 0.5 cents per share (Column 9). When the interval isaday, 0.5 cents per share per
day represents a compounded expected return (presumably in excess of some aternative) of 6.5
percent per year (252 trading days) for a 20 dollar security. The positive drift makes trading less
aggressive because it benefits the trader who trades near the deadline.

Finaly, for agiven level of unconditional volatility, the value of the program increases
when value innovations are normally distributed (Column 10). The stochastic volatility assumed
in the baseline solution increases the option value of limit orders by increasing the probability of

extreme events, and thereby decreases the value of the program.

Comments
The values of all program specifications described in this study increase with the number of
intervals to the trading deadline. Although this result is not surprising—relaxing a constraint
never harms the solution to an optimization problem—it is useful to interpret the result.

A distant trading deadline benefits the trader two ways. First, when a trader places a limit
sell order at the ask or below, for a given midspread price, time increases the probability that a
counter-party will arrive who wants to trade. Formally in this model, the probability of trading
increases the more often the trader is allowed to draw from the fill probability distribution.
Second, time allows the limit order trader to pursue an order strategy that minimizes the option
value of his order. Traders can lower limit order option values by placing them far from the
market. Although such placements lower the probability of executing in any given interval, a
distant trading deadline increases the probability that the trade will eventually take place by
increasing the number of opportunities for an extreme price change.

The price uncertainty that results from using limit order strategies may cause risk averse
traders to favor more aggressive strategies that will fill their orders quicker. Since the benefits of

a long deadline are declining, the cost of using more aggressive strategies may be small relative

traders than those modeled here. For example, empirical resultsin Harris (1994) suggest that bid-ask spreads would
decrease if tick size were decreased. Holding other factors constant, a decrease in spreads would harm limit order

traders.
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to the associated reduction in risk. A risk tolerant trader therefore can be encouraged to pursue

more aggressive strategies by artificially restricting the trading deadline?’

C. THEINFORMED TRADER PROBLEM

The informed trader problem introduces three new features that are not present in the liquidity
trader’s problem. Thefirst feature is an information advantage that decays with time. The
second feature is the option not to trade. The final feature is the reservation price constraint.

This section examines the effects of these features on the optimal informed trading
strategy. Since the parameters that are also present in the liquidity trader’ s problem have similar
effectsin this problem, they are not analyzed further.

The analysis first considers properties of the solution that are related to the trader’ s private
information. To keep the analysis ssimple and to facilitate comparisons to the liquidity trader
problem results, the reservation price constraint is not initially imposed. The resulting program
has only one state variable—time. The effect of the reservation price constraint on the solution is
examined at the end of this section.

Column 1 of Table 6 presents a baseline solution to which the other solutions will be
compared. The baseline specification assumes the informed trader maximizes the expected
value-added from trading. (Theorem 2 of Section shows that this objective is the same as
maximizing the sales price.) The expected pricing error persistence parpmeissumed to be
70 percent per interval and prices are assumed to be 400 cents above estimated value at 10
intervals before the trading deadline. The values of all other parameters that appear in the
problem are the same as in the baseline specification for the liquidity trader problem.

The baseline solution (Panel A) is substantially different from the baseline solution to the
liquidity trader's problem. The strategy is most aggressive when the order is first submitted since

the trader tries to quickly capitalize on his information. If the order does not execute, some

%" Risk aversion can be indirectly incorporated into the model by increasing the submission cost for limit orders to
reflect the greater price uncertainty they create. The incremental cost should vary by the limit order price since

orders placed far from the market create more execution price uncertainty than do orders placed near the market.
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information advantage is lost and the trader becomes less willing to incur transaction costs to
profit from his advantage. By the end of ten intervals, the expected pricing error isonly
400 - 0.7’ = 11.3 cents (Panel D).

Two dimensions of the trader's informational advantage—the size of the expected price
fall and the expected rate at which it will occur—affect order strategy. When either variable is
large, the order submission strategy will be aggressive. Columns 2 and 3 of Table 6 illustrate
these effects. The trading strategy is more aggressive for a larger initial pricing error of 1,000
cents (Column 2) and for a smaller persistence rate of 0.5 (Column 3). In the latter specification,
the expected pricing error eventually becomes so small (Panel D) that the trader stops trying to
fill the order three intervals before the deadline.

When the pricing error persistence rate is high, the expected pricing error at the deadline
remains economically significant. The trader's strategy near the deadline is then like the liquidity
trader's strategy because he does not want the order to go unexecuted. When the persistence rate
Is 90 percent (Column 4), the limit order pricing strategy is no longer monotonic. At the
beginning, the order submission strategy aggressively tries to capture the full value of the
information advantage. As time passes, the strategy becomes less aggressive because the
expected loss from failing to execute is decreasing. As the deadline approaches, the strategy
becomes aggressive to ensure that the remaining expected advantage of 139 cents is not lost.

The end-of-interval and beginning-of-interval objective function specification of the
informed trader problem produce less aggressive strategies than does the value-added
maximization specification (Columns 5 and 6). These objective functions do not properly weight
the depreciation of the trader's information advantage. The end-of-interval benchmark trader
does not even bother to trade because the expected value of his benchmark is less than zero. If
the probability fill distribution were more favorable or if the spread were wider, this trader would
submit orders that would be less aggressive than in the baseline problem, but more aggressive

than for the beginning-of-interval benchmark (results not shown).

The Effect of a Reservation Price Constraint

The reservation price constraint adds an additional state variable—current price slack—to the

problem. The current price slack is the difference between the quotation midpoint and the
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reservation price at the beginning of the interval. When the slack is negative, orders must be set
far from the market so that their prices are above the reservation price. Limit pricestherefore
must be greater than half the spread minus the current price slack. When the slack is less than
half the spread, market orders are not feasible because they may execute at the bid price.

The probability that a price constraint will be binding in the future depends on the
volatility in the price process. The optimal order submission strategy therefore depends on the
volatility of price changes that occur between interval's, which has not been previously
specified.”® For the baseline specification, assume that the inter-interval price change standard
deviationis 1 cent. Thissmall number is appropriate for contiguous intervals that occur
sequentially within the same trading session.?

The optimal solution to the baseline problem with a reservation price constraint appears
in Table 7. Each block in the table presents the solution for a different number of intervals to the
deadline and for various values of the current price slack. For large current price slack values the
constraint is not binding so that the solution is identical to the unconstrained baseline problem
(Table 6, Column 1). For lower values, the constraint is either binding or may likely be binding
in the future. Since the unconstrained optimum order may no longer be feasible, the value of the
constrained problem islower. Orders are generally less aggressive for lower slack values, but the
optimum order strategy is not always monotonic in the slack. It occasionally becomes more
aggressive slightly above zero slack values. Thisinflection in the optimal strategy is an attempt
to lock in profit before the expected price decrease causes the reservation price constraint to
become binding. Theinflection appearsin thistable at intervals 5, 6, 7, and 8 before the
deadline. (Theinflection isalso present at interval 9, but for slack values that do not appear in
the table.)

2 nthe previous problems examined in this section, the inter-interval price variance did not affect the solution
because the traders are risk neutral and because the problems have no other asymmetries related to price.
2 Theinter-interval volatil ity is not set to zero for contiguous intervals because the results in Appendix A show that

uncertainty in the pricing error estimates has the same effect on the problem as does inter-interval volatility.
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To determine the effect of inter-interval volatility on the results, the inter-interval price
change standard deviation was set to 40 cents and a new solution was obtained. The optimized
value function declines (results not reported) as expected. 1n all other respects the solution is

virtually identical to that reported in Table 7.

D. THE VALUE-MOTIVATED TRADING PROBLEM

The value-motivated trading problem has three new parameters that must be assigned values to
compl ete the baseline specification. First, assume that the Brownian motion process that
generates innovations to the pricing error process has a standard deviation of 20 cents per
interval. Next assume that the pricing error innovations are uncorrelated with the value
innovation process. These two parameters imply that the value-motivated trader believes price
changes measured across intervals have a serial correlation of -0.034 when the pricing error
persistence rate is 70 percent.* Finally, assume that the intertemporal discount rate is 0.05
percent per interval. If theinterval isone day, this discount rate corresponds to an annual (252
trading days) compounded rate of 13.4 percent. (Thislast assumption only affects the value of
the problem and not the optimal strategy.) The values of all other parameters that appear in the
problem are the same as in the informed trader baseline specification.

Column 1 of Table 8 presents the baseline solution to which other solutions will be

compared. The solution consists of a strategy (Panel A) and an associated optimized valuation

%0 The formula for the serial correlation is derived from the value-motivated traders’ price evolution model. Their

model implies
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function value (Panel B) for each level of the current expected pricing error. To obtain the
numeric solutions, only a discrete lattice of expected pricing error values were considered.
Appendix A describes the solution method.

The results show that value-motivated traders trade aggressively when the expected
pricing error islarge. When the expected pricing error is small, traders are less aggressive.
When the expected pricing error is small and negative, value-motivated traders place sell orders
far from the market to ensure profitable trades should the pricing error reverse. If the pricing
error isvery negative, they do not submit any orders because the probability that price will revert
far enough to allow profitable tradesistoo small. The expected profits from submitting such
distant orders are less than the costs of submitting them.

Vaue-motivated traders who simultaneously solve this trading problem for both sides of
the market will sometimes submit orders on both sides of the market. When the pricing error is
small and negative, they submit aggressive buy orders and less aggressive sell orders. When the
pricing error is small and positive, they submit aggressively priced sell orders and less
aggressively priced buy orders. The spread between their orders can be computed from the
numeric results. When the pricing error is 0, value-motivated traders place sell orders 75 cents
above the ask and buy orders 75 cents below the bid. Since the baseline solution bid/ask spread
IS 25 cents, the spread between these two ordersis 175 cents. Treynor (1987) calls this spread
the outside spread. It widensto 212.5 cents when the absolute pricing error is 20 cents, and
widens further for greater pricing errors.

For agiven pricing error, the value-motivated trader is more aggressive than the informed
trader because the former wants to complete the trade quickly so that another trade can be done.
For example, when the expected pricing error is about 60 cents with five intervals until the
deadline, the informed trader places alimit order at the ask (Table 7, Panels A, Column 1, line
5). For the same expected pricing error, the value-motivated trader places alimit order at the
spread midpoint (Table 8, Panel A, Column 1, at 60).

The value of the program is high for all values of the expected pricing error (Panel C).
The high values reflect the cumulated present value of trading indefinitely. For very high values

of the state variable, the program value increases approximately in linear relation to the state
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variable (results not shown). Very large pricing errors will rarely arise from the assumed pricing
error process. The program values for these extreme pricing errors reflect the benefits of
receiving a one-time windfall of very valuable information.

Anincrease in the standard deviation of the pricing error innovation process to 40 cents
per interval increases the value of the program (Panel C, Column 2). Value increases because the
average absolute pricing error increases. The trading strategy becomes less aggressive as the
trader liesin wait for alarger pricing error (Panel A). Thetrading strategy also isless aggressive
because the increase in volatility increases the option value of limit orders.

A decrease in the pricing error persistence rate to 0.5 decreases the value of the program
(Panel C, Column 3). The smaller persistence rate decreases the expected benefits from trading
in the next interval and it also decreases the unconditional volatility of the pricing error process.
Large errors decay faster and fewer large errors arise so that less profit will be made.
Surprisingly, the trader’ s optimal strategy does not depend on the persistence (Panel A). The
invariance is due to the repeated nature of the problem and to the assumption that no reversion in
the pricing error process occurs within the interval. (The pricing error is assumed to decay only
between intervals.) Since the trader knows that he will return in the next interval, whether he
trades or not, he is only concerned about profiting from the current pricing error. Formally, the
Invariance arises because the persistence parameter appears only in the value function and, as
noted above, the optimal strategy does not depend on the value function.

Anincrease in the value innovation standard deviation to 80 cents per interval decreases
the value of the program (Panel C, Column 4). This change increases the option value of limit
orders but does not affect the pricing error process that is the source of the trading profits. The
trader moves his orders further from the market to limit their option values (Panel A). They
execute less frequently (Panel B) so that the value of the problem decreases.

A positive correlation of 0.8 between the value and pricing error innovations increases the
value of the problem and makes the optimal strategy less aggressive (Column 5). The positive
correlation increases the probability that limit orders will execute when thereis an innovation in
the pricing error process. Likewise, adecreasein the correlation to -0.8 decreases the value of

the problem and makes the optimal strategy more aggressive (Column 6).
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Anincrease in the intertemporal discount rate to 0.1 percent per interval (28.6 percent per
year for daily intervals) decreases the valuation function but has no effect on the optimal strategy
(Column 7). The decrease in the valuation function is due to the greater compounding rate. The
strategy does not depend on the discount factor [3 because 3 does not appear in the expressions

over which the optimization is conducted.

V. CONCLUSION

A. SUMMARY

This study formulates and solves some dynamic programs that represent common trading
problems faced by investors. Three stylized problems are considered. The liquidity trader
problem considers how an uninformed trader should trade. The informed trader problem
considers how an informed trader should trade when he only receives a single signal about value.
The value-motivated trader problem considers how atrader who continuously estimates security
values should trade.

Theresults are highly intuitive. Traders are most aggressive when volatility is high and
when their information advantages, if any, are large and decay quickly. Traders are patient when
their deadlines are not pressing and when bid/ask spreads are wide. Most traders issue limit
orders only if they can capture a portion of the bid/ask spread®! Limit orders should not be used
when public limit orders can only be executed against dealer quotes. Traders cannot capture any
of the spread in such markets. Vaue-motivated traders may use limit orders to preposition
themselves to take advantage of any mean reversion that they may believe to be present in prices.

The numeric results suggest that most traders should place limit orders close to the
market when they trade. Although it may sometimes be optimal for risk neutral traders to place
orders far from the market (when deadlines are distant or when private information will not be

revealed soon), the expected additional benefits from this strategy are very small. 1f monitoring

3L A trader “captures” a part of the spread when using a limit order if the trade price is better than would have been

obtained had the trader used a market order.
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of open ordersis expensive or if the trader isrisk averse, distant order placement strategies will
not be optimal. The only exception to thisrule isfor traders who believe that prices are mean-
reverting. They may place limit orders far from the market to benefit if prices move far from
fundamental values.

These results are generally consistent with empirical results presented in Harris and
Hasbrouck’s (1996) study of actual SuperDOT order transaction costs. For most stocks, the
optimal order submission strategy for a single order that will not be replaced is a limit order
placed at the quote or slightly inside it. Although this study of dynamic submission strategies
does not impose a single order submission constraint, the optimal dynamic strategy often places
its first order close to the market so that it has a high probability of executing.

These results also show that brokers will adopt portfolio value maximizing trading
strategies when their transaction costs are measured relative to prespecified price benchmarks.
The portfolio implementation shortfall transaction cost measurement method, popularized by
Perold (1988), uses such prices. End-of-interval price benchmarks also work well when orders
are not based on private information. Beginning-of-interval price benchmarks create distorted
incentives for traders. Traders facing these benchmarks will trade less aggressively than they
should. The volume-weighted average price benchmark is not analyzed in this study, but its
properties are easily characterized using these results. This benchmark uses a price that, in a
temporal sense, is between the beginning-of-interval and end-of-interval prices. It will therefore
share some of the properties of both benchmarks. It differs from both, however, since traders can
estimate its value before they set their orders. The volume-weighted average price benchmark
therefore gives traders a valuable timing option. Their average estimated transaction costs will
be lower if they can costlessly defer the execution of an order into an interval during which a new

volume-weighted average price will be computed.

B. LIMITATIONS

The results obtained in this study apply primarily to small trades since the models assume that
orders have no impact on prices. If orders do affect prices, traders should consider whether,
when and how their orders should be broken up to obtain better executions. Although these

guestions are very important, they are beyond the scope of the present analysis, which is designed
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to investigate the relation between immediacy and the cost of liquidity. Since size clearly affects
thisrelation, it should be the subject of further research, such asis presented in Bertsimas and Lo
(1996). Despite this reservation, the results should still be interesting to practitioners since most
institutional orders and ailmost all individual orders are small relative to daily volume. In
addition, the intuition that these models formalize applies to trades of al sizes.

This analysis also does not adequately model price discreteness for some trading
problems. The analysisimposes discreteness only on the set of feasible limit order prices and not
also on the price processitself. Asa consequence, results may be biased for securities whose
price volatility over theinterval issmall relative to thetick size. The biases probably are not
large for securities priced over 10 dollars that are monitored over daily intervals or for securities
priced over 40 dollars that are monitored over 30 minute intervals.>* A detailed discussion of the
discreteness problem appears in Appendix B.

Finally, the models presented in this study treat the bid/ask spread and various parameters
that determine execution difficulty as exogenous variables. These variables are actually
endogenous variables since they depend on trader and dealer order submission strategies. For
example, spreads may tighten if more traders choose to submit limit orders. A tightening of the
spreads, however, makes limit order strategies less attractive. With additional effort, these
models can be made into equilibrium models in which these endogenous variables are

determined by other, presumably more exogenous variables like the flow of liquidity traders®

32 Although it isimpossible to determine the magnitudes of discreteness-induced biases without amodel of discrete
prices, it is probably safe to assume that they are not large when the price change standard deviation of theinterval is

greater than one and one-half ticks. Expressed formally, this condition is

Po+ D >15d
where P ispricelevel, o isthe return standard deviation, D isthe length of the interval, and d is the discrete tick.
For 0 =0.02, P =40, and d = 1/8, D must be greater than 5% percent of a day, or about 30 minutes if the trading day
is 10 hours long. FdP =10,D must be greater than 90 percent of a day.
3 Cohen, Maier, Schwartz and Whitcomb (1981) provide a related example of a two-period equilibrium model for

spreads.
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This analysis was not done, however, because the qualitative results would be obvious from the
comparative statics of our models, and because the quantitative results would depend completely
on the assumptions made about exogenous variables like the number of uninformed traders.
Although this study does not provide a complete equilibrium analysis, it does provide normative
results about the demand and supply of immediacy that furthers our understanding of that

equilibrium.
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APPENDIX A

MATHEMATICAL NOTESON THE NUMERIC INTEGRATIONS

This appendix explains how to evaluate the four numeric integrals that appear in the objective
functions. Theintegrals are mostly three-fold convolutions (mixtures) of probability
distributions. Thefirst distribution is a conditional probability statement about afirst passage
event for a continuous Brownian motion with constant volatility. This analytic expression isthen
numerically integrated over the fill probability distribution that specifies the probability that an
order will execute for a given passage event. The resulting numeric integral isthen numerically
integrated over the Inverted Gamma distribution for interval volatilities.

Section A derives passage event properties for symmetric zero drift diffusion processes.
These properties are then used in Section B to compute expressions that involve the limit order
fill probability distribution. Finally, Section C describes how to use these expressions to
compute the numeric integrals that appear in the objective functions of the dynamic trading

problems.

A. PASSAGE PROPERTIESOF SYMMETRIC DIFFUSION PROCESSES
This subsection derives probabilities, partial probability density functions and partial
expectations associated with passage events for symmetric diffusion processes. The discussion
starts with areview of the reflection principle.

Suppose that price in interval t, Py(T), follows some continuous diffusion process whose
innovations are symmetrically distributed about zero** The conditional variance of the discrete

price change €(T) = Py(t) — P(0) withininterval tis ro”. Let the normalized discrete cumulative

¥ Us ng methods and formulas that appear in Shepp (1979), results similar to those presented in this section can be
obtained for processes with constant positive drift. These were not used in this paper because they would greatly

complicate the numeric analysis, especially when stochastic volatility is modeled.
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price change distribution be represented by ®(g). For notational simplicity, the interval subscript
t henceforth will be dropped; T will range between 0 and 1 within interval t; theinitial price,
P:(0), will be assumed to be equal to zero; and € without any other annotation will represent the
price innovation over the complete interval, €(1).

The probability that price is below some threshold X at the end of theinterval (1=1) is
Pr(P(1) > X) = ®(X/0). (A.1)

The probability that price crosses X anytime in the interval is derived using the well-known
reflection principle. The following derivation uses set notation to simplify the more difficult

derivations that follow. Let
M = Max(P(7)) for 0s7<1 (A.2)

and let Scbe the set of all price paths for which M > X so that Sis the set of all paths that cross X
sometime within the interval. The passage probability, Pr(Sx), is the probability that some event
in Scisrealized. To apply the reflection principle, note that for each path that terminatesat 1 =1
with P(1) > X, therewasatimet" prior to 1 at which P(t") was equal to X. At that time, the
probability that the process ends above X is equal to the probability that the process ends below X
because the subsequent diffusion has symmetric innovations with no drift. The reflection
principle therefore implies that for every path that reaches X and terminates above X, there will

be a second path that reaches X and terminates below X. The probability that the process crosses
X at least once must therefore be twice the probability of terminating above X, or
2(1-®(X/0)) forX>0

Pr = .
(SX) 1 for X <0

(A.3)

Some integrals in the dynamic trading problem objective functions must be evaluated for
al pathsthat cross X. To evaluate these integrals, an expression for the density function of €
given M > X must be derived. Let ppd(g|Sx) represent the partial probability density function of €
for al pathsin Sx. The partial density is the non-normalized conditional density. The complete
density function of € is ppd(&[S, ) + ppd(&l~ S ) = &(&/0)/o where ~S« denotes the complement
of S« (the set of al paths not in Sx) and &%) is the density function correspondingd¥y). The
integral of ppd§|Sx) overSkis Pr).
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The partial density, ppd(€|Sx), isthe union of the partial densities of all paths that
terminate above X and all paths that cross X but terminate below X. The latter density isthe
reflection of the density of all pathsthat cross X. Specifically, the partial density is

_M fore>Xand X >0
ppd(£[S, ) = M fore< Xand X >0 (A.4)
gz(g/a) for X <0

Let pE(g]S) represent the partial expectation of € over Sk. Itis
PE(£]S, ) j £ ppd(&lS, )de
o 2X -
j sﬂmﬁjx £¢((—£)/a)d£ for X >0
X o o o

10 for X<0
- (A5)
jxeﬂ )de+J' (2X - y)(p(y/ 9) dy forX>0
for X<0

g
g
0

X Pr(S,) forX>0
0 for X <0

B. RANDOM EXECUTION SET PROPERTIES

This subsection derives probabilities, partial probability density functions and partial
expectations associated with the limit price execution process. These expressions are
convolutions of the expressions derived above where the mixing distribution is the fill
probability distribution. Set theory is used to improve the exposition and to ensure that limiting
arguments are proper.

The derivation proceeds in four steps. First, probability statements about complementary
price path sets are made. Statements are then made about random price path sets and about the
union of discrete digoint sets of random price paths. Finally, alimit is then taken to obtain the
desired resullts.

First consider the properties of complementary price path sets: Let S and § respectively
be the sets of all price paths for whichM > X and M > X;. The intersection of these two sets,
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S_j, isthe set of al pathsfor which X;> M > X where X; > X. Theintersectionset S_jisthe
complement of § in § because S isasubset of §. This decomposition implies the following

three properties of interest to this study:

Pr(S_;)=Pr(S)-Pr(S)) (A.6)
ppd(£[S._; ) = ppd(£lS) - ppd(&S)) (A7)
PE(£]S-,) = PE(¢]S) - PE(£S) ). (A.8)

Now let set S;*) be arandomly chosen subset of the set S where F(X) is the probability
that a path in Sx appears in the subset Si(x) . (Thedistribution F(X) will be the limit order fill
probability distribution.) The results of interest are:

Pr(S:™) = F(X)Pr(s,) (A.9)
ppd(£/S; ) = F(X) ppd(elS, ) (A.10)
pE(4s§<X>) = F(X) pE(&S,) (A.11)

Now consider properties of aunion of digoint sets: Let Synion be the union of the three
disoint sets ST, SFU%) and ST9 where X, < X, < X,. Expressions (A.6) through (A.11)
imply the following three properties for Synion

PH(San) = PH(STH) + PSS + Pr(S])

= F(X)Pr(So) + F(X;) Pr(S,a) + F(X,) PY(S))
X)[Pr(8) = Pr(S,)] + F(X,)[ Pr(S,) = Pr(S,)] + F(X;) Pr(S,)
= [F(X3)— F(xz)] Pr(S,) +[F( 2) " F(Xl)] Pr(S,)+F(X,)Pr(S)

ppd(£|SJnion) = [F(Xs) B F(Xz)]ppd(dss) +[F(X2) - F(Xl)]ppd(éjg) + F(Xl)ppd(“:lsl) (A.13)
PE(&lSman) =[F(Xa) = F(X,)|PE(&]S,) + [F(X,) - F(X,)]pE(&S,) + F(X,)PE(£S)  (A.14)

Finally, consider the continuous generalization of these three properties. Let Seyec be the

(A.12)

union of the set of all digoint sets { |+1} for X; > X, and let X;,1 = X + dX where dXis
infinitesimal. Let f(X) be the density function associated with the probability function F(X). The

following three properties are associated with this set:
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00

Pr(See) = F(xo)F>r(so)+jx f(X)Pr(Sy )dX (A.15)
PPd(&Se.) = F(X,) ppd(4S,) + j: f(X) ppd(&S, JdX (A.16)
PE(&Se.r) = F(X,) PE(#lS,) + [ 1(X) pE(#lS, )X (A.17)
Substituting (A.3) through (A.5) into these three expressions yields
) [, 1(Xx)2(1-(X/a))dx for X, >0
P1(See) = FXCJ2AL- (X, ) [7 (X)X + [ £(X)21-(L/a))dX for X, <0 A19
prd(£S;.c:)
@ qi(ia) fore>Xand X >0
=F(X,) q((ZXOJ— g)/a) +_[: f(X) M for e< Xand X >0 [dX (A-19)
_(p(e/a) qa(g/a) for X <0
g i g

This expression can be ssimplified by examining the regions of the integral. In thefirst region,

€ > Xoand X, > 0 so that the integral reduces to

—‘”(‘ZJ) [ H(x)dx+ [ f() ARX=2)/0) 4y

%o g (A.20)
:_q(ia) [F(s) - F(Xo)] +j: f(s)wdx

g

In the second region, € < X,and X, > 0. Therethe integral reducesto

! (E)de (A.21)
In the third region, X,<0, so that the integral reducesto
aglo) - _dAe9) . _
[ FX)ax =2 1= F (X)) (A.22)

Summarizing these results yields
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M fore>X,and X, >0
o

ppd(£See) = F(X,) ¢((2L00— #)/o) for e< X_and X, >0

(p(;/a) for X, <0
i ) (A.23)
ﬂia)[':(f)":(xo)]ﬂ[jf(f)wdx for £> X, and X, >0
* ff(E)de for e< X, and X, >0
(p(;/a) (1-F(X,)) for X, <0

Thefinal expressionis

PE(&Seee) = F(Xo) X, Pr

XPr f >
) for X de
O for X <0

f X)X Pr(S,)dX for X, >0

]

= F(X,) X, 2(1- (X, /0))+| %

= F(X,)X,2(1- ®(X,/0) +jMax X)X 2(1- ®(X/0))dX

(A.24)
f S,)dX forX,<0

C. THE OBJECTIVE FUNCTION INTEGRALS

The objective function integrals are considered in two sections. The first section considers the
integrals in the uninformed liquidity trader problem and in the informed trader problem. These
are considered together because they are quite similar. The second section considers the

somewhat different integrals that appear in the value-motivated trader problem.

Integralsin the Liquidity Trader Problem and in the Informed Trader Problem
The various valuation functions specified for the uninformed liquidity trader problem and for the

informed trader problem al can be expressed in the following form:

W,,(R,)+C  unfilled limit order
L —¢& +C, limit order filled

—(1-m)$S+C, market order filled
W,,(R,)+C,  noorder submitted

W(R)=Max E (A.25)



where Cy, C,, C3 and C, are various constants. (In some specifications, the price state variable
and/or the value-innovation &; do not appear.) Four integrals must be computed to evaluate the
expectations in this general expression. They are

1. the probability of execution of alimit order, Pr(Exec),

2. the partial expectation of &; given that alimit order executes,

3. thepartial expectation of W,,(P,,) for limit order submissions that fail to execute,

and

4. the unconditional expectation of W,,(R,,).
The first two integrals are computed directly from the formulas derived in the previous section.
In those specifications where the value function does not depend on a price state variable, the
third and fourth integrals aretrivial: The third integral is simply (1— Pr(Exec))V\4+l and the
fourthisjust W;,;. Otherwise, the third integral must be computed using the partial density
function for €; given no execution, because the probability that alimit order executesin interval t
depends on the redlization of €. The last integral is computed using unconditional densities.

To obtain expressions for these integrals, recall from Section I1.Cthat limit orders are

assumed to execute with probability F(d) if at any T ininterval t,
L <R(r)-9. (A.26)
Thisinequality is equivalent to
L, +1S+J0<PR(7)-PR . (A.27)
where L, =P - A . Theform assumed for F(J) is

0 foro<-1S
F(0)=|B(d) for -$S<J<1S (A.28)
1 foro>1S

where B(J) is the beta distribution scaled to rise from 0 to 1 over [-4S,4S]. Let f(3) be the
corresponding density function for F(d) so that

1S
2
f(8)=|B(8) for ~1S<d<3S. (A.29)
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Let
M = Max(R(r)-PR)for0s7<1 (A.30)
and let S¢ be the set of all price paths suchM > X where X = L +1S+9.

The probability of execution

For agiven volatility, the probability that alimit order executesis given by
Pr(Execlo) = [

Transform the index of integration fromdto X = L, +1 S+ J to obtain

S

Nl

° Pr(S,)F(3)d5 . (A.31)

Pr(Exedo) j Pr(S,)f"(X)dX (A.32)

where
f(X)=f(X-L-4S). (A.33)

To apply (A.18), let the lower bound of integration X, = L; sincef (Xo) is zero for any smaller

value. Theresultis

jf”sf*(x)z(l—q:(X/a)) X for L >0
Pr(Execlo) =| "= * (A.34)
L £ (X)X + j (X)2(1-d(L/0))dX forL; <0
where o° = 0\2,1t . Theinfinite upper bound of integration that appearsin (A.18) has been
replaced by L; + Shecause the integral need only be evaluated up to the point wheref (X) is zero.
The unconditional probability of execution is obtained by integrating the conditional

probability of execution over an assumed Inverted Gamma distribution for volatility:
Pr(Exec) = J Pr(Execlo)h(ofa, v)do (A.35)

where h(0) isthe Inverted Gamma density with an unconditional mean of o and degrees of
freedomv.

The partial expectation of &
Using (A.24), the partial expectation pE(g|Exec) for agiven volatility is likewise computed as

pE(e/Exec, o) = [

Max( L;,0)

f7(X)X2(1-d(X/0))dX . (A.36)
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The unconditional partial expectation is obtained by integrating over the Inverted Gamma

volatility distribution.

The partial expectation of the value function
When a reservation price constraint is added to the informed traders’ problem, the partial
expectation of\/,,(P,,) given no order execution must be computed. To compute this integral,

the price process that the trader expects must be considered. Itis
I:2+1 = \/t+l + e(+l
:\/t +£t +0t +e(+l
-8 té& +6t tTE8a
_é —Y teg +9t +é[+1+(//t+l

wherey, = g — & is the trader’s pricing error estimate error. The partial expectation must be

(A.37)

taken over appropriate densities §916;, Y, andyy,;. Fortunately, for a given volatility, the

problem can be reduced to a bivariate integral by noting that limit order execution depends only
ong. The integral is computed over the partial density of the intra-interval value inna¢ation

given no limit order execution, and then over the unconditional density of the sum of the other
variables. Since these two densities are assumed to be independent, the integral can be evaluated

sequentially. This analysis assumes that the density of the sum is given by
Gty +tP, ~ N(:U’ katz) (A.38)

wherek is some positive constant amd is the common stochastic volatility factor. Since the
volatility factor is distributed with an Inverted Gamma distribution, the unconditional distribution
of the sum is Studerit-

For a given volatility, the partial density functionepfjiven no execution can be

expressed using (A.23). In particular,

(ﬂ(/

ppd(£|$\loExec1 )_ ppd<£|SExec1 ) (A39)

where
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ﬂi/-a) F*(g)+J;Q+Sf*(5)MdX f0r£>L:andL[*>o
PPd(&See 0) = de/o) ot <o (A.40)
g <

is simplified from (A.23) by recalling that F"(X,) = F'(L;) =0and f’(X)=0for X <L;. The
unconditional partial density function expectation is obtained by integrating over the Inverted
Gamma volatility distribution.

The partial expectation of the value function is computed over an approximation lattice of
values for € and for the sum 6; + Y + Yr,1. The partial density ppd(€]Svoexec) Must be computed
for each value of €. Theresultsarethen used tointegrate W,,(R —& -y, +&,+6, +&,, +¢,.,)

over the lattice.

The unconditional expectation of the value function
Thelast integral is the unconditional expectation of W,,(P -& -, +& +6,+&,, +¢,,,). The
bivariate integral is computed over an approximation lattice of values for g; and 6; + P + Yy,1.

The unconditional densities are Student-t distributions implied by the assumed price processes.

Integralsin the Value-Motivated Trader’s Problem

The objective function of the liquidity trader is

-K. unfilled limit order
L -V,-K -C limit order filled

wW(é)= fEW(é_ )+ Max E
(&)= FEW(&.,) + Max M, -V, - K, -C, market order filled

0 no order submitted
- (A.41)
_KL
. —(1—n)%S+éT—KM -Cy
0

Three integrals must be computed to evaluate the expectations in this expression. The first
integral isthe probability of execution of alimit order, Pr(Exec). The second integral isthe
partial expectation of & given that alimit order executes. The last integral is the unconditional

expectation of the value function, EW(&,,) .
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The probability of execution

The probability of execution is computed using aformula amost exactly the same as that derived
for the liquidity trader problem. The only difference liesin the variance of the intra-interval
diffusion process. In this problem, the variance 6 that appearsin (A.34) is the variance of the
sum of the value innovation process and the pricing error innovation process, s = €+ n;, which is

H 2 2
givenby oy + oy +20,,.

The partial expectation of &

The partial expectation pE(g|Exec) is abivariate integral computed over the partial densities of &;
and n; given an execution. The integral is evaluated by computing the expectation of €; given

S = &+ ny and then integrating over the partial density of s given an execution.

The expectation of givens =g+ n; is

E(e/s)=B.s (A.42)

where

— 0\2/ +20,
) 2
o, toy +20,

(A.43)

£

The partial expectation of this expression with respect to the partial density of execution for s is

PE(E(£,]S)|Seee) = PE(B:S S0 )
= B, PE(S/Soe)

The partial expectation pE(§|SExeC) is computed using the same formula as that derived for the

(A.44)

liquidity trader problem except that, in this problem, the variance that appearsin (A.36) isthe
variance of thesum s= &+ n;.

The unconditional expectation of the value function

Thefinal integral is the unconditional expectation of EW/(&,,). To properly evaluate this

integral, the process that the trader believes generates his pricing error estimates must be known.

Given the assumptions made in Section 11.B, the pricing error follows an AR(1) process:

6.0 = ¢B 1, (A.45)
so that the expected pricing error estimate is
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6= 08, (A.46)
Assuming that the error in the estimate is uncorrelated with the pricing error innovation, the

variance of this estimate is given by

Var(&,, -e.)=¢Va(g-g)+oy . (A.47)
The pricing error estimate therefore has the same mean as the pricing error, but alarger variance.
This study computes EW(e,,, ) to approximate EW(&,,). The error in the approximation
will be small if the pricing error estimate is precise, or if the pricing error persistence parameter ¢
issmall. Inany event, it does not affect the optimal strategy, which does not depend on this
term. Theintegral is computed by numerically integrating EW(¢e, + n,) over the unconditional

Student-t density for n.
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APPENDIX B
LIMITATIONSDUE TO PRICE DISCRETENESS

The use of continuous processes to model discrete prices may bias the results for analyses of low
price securities or for analyses of very short intervals. This appendix discusses why the bias
arises and why it is not easily avoided.

The problem concerns the set of feasible limit order prices. Exchange minimum price
variation regulations restrict this set to prices that are an integral multiple of 1/8 dollar.
Unfortunately, tractable solutions cannot be obtained to the dynamic programming problems
specified in this study when limit prices are required to be integral multiples of 1/8 dollar.
Instead, this study requires that the limit price margin, L; = L, — A, be an integral multiple of 1/8
dollar. Sinceinnovationsin the ask A; are continuous, the implied feasible set of limit prices
changes from interval to interval depending on the changein A.. To impose discreteness directly
on L would require the introduction of some process to round a continuous latent bid to an
observed discrete bid. The rounding error then would have to be included in the execution
mechanism. Even if the rounding errors were independent through time, the resulting complexity
would make the model intractable. Since the rounding errors are serially dependent, a
completely proper representation of the process seems hopel ess®

The bias arises because the model assumptions imply that the probability of execution of
alimit order depends only on the placement of the order relative to the beginning-of-interval bid.
A simple extreme example illustrates a worst case manifestation of the problem. Suppose asell
limit order placed at 12.5 cents (one tick) above an initial bid would execute if price wereto rise
6.25 cents. Now further suppose that price changes by exactly +5 cents per interval. If limit
price discreteness were properly characterized in this model, an order placed in the first period
and never canceled would execute if price ever rises ten cents above its starting point. When

limit price discreteness is characterized by making the limit price marginL; discrete, the order

® Harris (1990b) discusses the statistical properties of discrete pricing rounding errors.
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will never execute no matter how often price increases. At the beginning of each interval, it
always will bereset at 12.5 cents above the current bid.
An implicit assumption in this extreme example makes the problem appear worse than it
IS. The unrounded price presumably is known at the beginning of this example since we are told
that the order will execute if price rises 6.25 cents. In practice, price is only known to the nearest
1/8 dollar. At the time the order is placed, the unrounded bid might be anywhere within a12.5
cent region (assuming that the rounding error is uniformly distributed around the observed bid).
If itisinthetop 5 cents of the region, the order will execute in the first period with probability
1/2. The unconditional probability of execution therefore is not zero as suggested. It isthe
product of the probability of an increase times the probability that the unrounded priceisin the
top 5 cents of the rounding interval, which is 0.5 - (5/12 ®P.
In either event, the effect of this specification problem will be to make the derived
optimal limit order strategies more aggressive when volatility within the interval is small relative
to the tick. The orders must be more aggressive because the bias makes them less likely to

execute.
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Annotated list of notation.

Tablel

Class Notation Description
Time t Time subscript that indices the beginning of intervals
t+ Time subscript that indices the end of intervals
T Time subscript of deadline interval
T Time subscript that indices time within an interval
Prices A Ask
B Bid
S Spread
Py Midspread price Py = (Ac—By) / 2
L, Limit price
L Limit price expressed relative to the ask Ly = L, — A,
M Market order execution price
Po A prespecified price
= A reservation price
d The discrete tick (minimum price variation for limit orders)
Values Vi Underlying “true” value
&t Decision interval value innovation
6: Inter-interval value innovation
0%, Decision interval value innovation volatility
Vv Inverted gamma volatility process degrees of freedom parameter
H Inter-interval value innovation mean
Pricing errors & Pricing errore = P; — V,;
& Pricing error estimate
0] Pricing error estimate persistence parameter
Oht Pricing error innovation process volatility
ow: Valueand pricing error innovation covariance
Uy Pricing error estimate error s = e — &
Execution processes Tt Market order price improvement parameter
o Degree of execution difficulty parameter/index
F(d) Fill probability function
Costs KL Cost of submitting alimit order
Kwm Cost of submitting a market order
C. Cost of executing alimit order
Cwm Cost of executing a market order
Valuation functions  W(P;) Dynamic programming valuation function
BMP;  Benchmark price
B Discount factor
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Table?2

Summary of model assumptions.

Al
A2.
A3.
A4,
A5.
AG.

Panel A: Time Assumptions

Timeisdivided into aseries of discrete intervals.

Traders submit an order (if any) only at the beginning of an interval.

Traders may submit orders only if the market is open.

Prices and values change within intervals and trades take place within intervals.
Between intervals, prices and values may change but trades do not take place.
All unfilled orders expire at the end of each interval.

B1.
B2.

B3.

Panel B: Order Submission Assumptions

Traders trade only a single prespecified quantity.

Traders submit either a single market order or asingle limit order at the beginning of each
interval, or they abstain from submitting an order.

Limit order prices are discrete. They must be ainteger multiple of the minimum price
Increment, d.

ClL

C2.
C3.

C4.

Cs.

C6.
C7.

Panel C: Common Trader Expectations about Prices and Values
Value process within the interval t, (1), follows Brownian motion with no drift and
constant innovation varianceoy, , .
Value innovations between intervals, 8;, have mean |, and variancekay , .

Stochastic volatility oy , is distributed i.i.d. inverted gammawith mean &, and v degrees of

freedom.
The value innovation within interval t, &, is uncorrelated with the between interval
innovation, 6.

I
~0

S
Bid and ask quotes at the beginning of interval t are given by s where P;isthe

Nl N

+

B
A

I
~0

beginning of interval value of the midquote price.
The midquote price is the sum of value and a pricing error: B(7) =V,(7) +g(7).
Orders have no effect on values and prices.

(Continued)
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Table 2, Continued

Panel D: Defining Assumptions for the Various Stylized Traders
Trader Type

Assumption Liquidity Informed Value-motivated

D1. Private Information Uninformed. Haveasingle Receive a perpetual flow of
piece of private private information useful for

information forecasting future values and
useful for are they are able to model the
predicting process by which prices
future prices. diverge from values.
D2. Deadline Must beat Need not trade.  Need not trade.
deadline.
D3. Reservation price None. May apply. None.
constraint
D4. Trade frequency Cantradeonly Cantradeonly  Can trade perpetually, but no
once. once. more than once each period.

Panel E: Trader Assumptions about the Pricing Error Process
E1. Pricing error process  Not specified ~ Not specified e(r)=¢ +n(r)ininterval t,
and g, = ¢&, between intervals

tand t+1
E2. Pricing error Not specified  Not specified Brownian motion, no drift,
innovations ny(t) constant variance oy,

proportional tooy , .

E3. Cov(e,ny) Not specified ~ Not specified Oy IS proportional to oy, .
E4. Pricing error estimate  &(7)=0 &(r)=¢ &(r)=¢
within interval
E5. Expected pricing €,=0 &,=¢& &.=¢8
error estimate
E6. Pricing error estimate  Not specified  Mean zero, Mean zero, independent of
erori=e-§& independent everything.
(Continued)
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Table 2, Continued

F1.
F2.

F3.
FA4.

F5.

Panel F: Assumptions about Order Execution Expectations

Market orders (and marketable limit orders) execute immediately when they are submitted.
The expected execution price for amarket sell order

iSEM, = B + 11 S= P, - (1~ 771)$ Swhere B; is the beginning of interval bid price, and the
expected price improvement is some constant fraction rtof one-half the bid/ask spread, S
If alimit order executes, the limit price is the execution price.

The probability that alimit order will executeis given by

Pr(Exec) = [~ Pr(Execld) f(3)dd
0 foro<-1S
whereF(d)=|G(d) for —$S<J<41S
1 for0>4S
andG(J) isaBetadistribution function defined over theinterval [-1S,4S].

Panel G: Valuation Functions Assumptions

G1. Traders are expected net present value profit maximizers.
G2. Therearefixed costs for submitting orders and for executing trades that vary by order type.
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Table3
Transformed dynamic program valuation functions for various objective function specifications

for the informed trader optimal order submission strategy problem.

Benchmark Terminal
Specification Price Dynamic Objective Function® Condition
y |
fﬂa'&? Prigf_ 0 W.i(Ry) + - K, Wry(P) =0
aximization A
-P+é-¢-K -C
W(R) — MaX E Lt t e(’\ t L L
M -R+&-K, -Cy

W, (Ray) +
Value-Added Vi, Same as above Same as above
M aximization
Implementation Po Same as above W (P) =6
Shortfall
Minimization
Tr.ar}sa.ctio.n Cost Pr1 Same as above W (P) =6
Minimization,
Post-Interval Price
Transaction Cost Py g _V\4+1( P.)-K, W, ,(P,,)=0
Minimization, _ A e A
Post-Interval Price W(R)=Max E L F{+e[A & Sﬁf G K G

Mt _R +e[ _S/'I_e[+S_KM _CM

[ Wea(R.)
Transaction Cost Pt _V\4+1( P.)- K, Same as above
Minimization, L-P-K,_-C
Beginning-of- W(R)=Max E oL
Interval Price M,-R-Ky-Cy

(W.a(Ra)

@ The four lines in the dynamic objective function correspond to the following conditions:
Linel: A limit order is submitted but does not execute.
Line2: A limit order is submitted and executes.
Line3: A market order is submitted and executes.
Line4: No order issubmitted.
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Tabl e 4
Solutions to the liquidity traders’ problem for various bid-ask spreads and price change volatilities.
The objective function is to maximize the expected difference between the net sales price and the
prevailing bid at the time the decision to trade was made.

Bid/Ask Spread in Cents

12.5 25.0 37.5

Intervals Price Change STD in Cents Price Change STD in Cents Price Change STD in
Cents
Until

Deadline 5 10 20 40 80 5 10 20 40 80 5 10 20 40
80

Panel A: Qptinal limt price position expressed in cents above the best offer.

Deadline  MkOrd MkOrd MkOrd MkOrd MkOrd MkOrd MkOrd MkOrd MkOrd MkOrd ~ MkOrd MkOrd MkOrd MkOrd
MkOrd
1 0.0 0.0 00 0.0 0.0 0.0 0.0 0.0 0.0 0.0 -125-125 0.0 0.0

O.CZ) 0.0 00 0.0 00 0.0 0.0 0.0 0.0 00 0.0 -125 0.0 0.0 0.0

O.CB) 0.0 00 0.0 00 0.0 0.0 0.0 0.0 125 00 0.0 0.0 0.0 125

254;0 0.0 00 0.0 0.0 0.0 0.0 0.0 125 125 125 0.0 0.0 0.0 25.0
375;5 0.0 00 0.0 0.0 0.0 0.0 0.0 125 125 125 0.0 0.0 125 25.0
506;0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 125 125 125 0.0 0.0 125 25.0
507.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 125 125 125 0.0 0.0 125 25.0
508.O 0.0 00 0.0 0.0 0.0 0.0 0.0 125 125 125 0.0 0.0 125 25.0
5090 0.0 0.0 0.0 0.0 0.0 0.0 0.0 125 125 125 0.0 0.0 125 25.0
zgo: 0.0 0.0 0.0 0.0 0.0 0.0 0.0 125 125 125 0.0 0.0 125 25.0

Panel B: Probability of execution in current interval, in percent.

Deadline 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0
100.0
1 55.8 74.9 86.9 93.4 96.7 34.4 55.8 74.9 86.9 93.4 56.3 70.5 64.4 80.7

902-1 55.8 74.9 86.9 93.4 96.7 34.4 55.8 74.9 86.9 93.4 56.3 43.0 64.4 80.7
903;1 55.8 74.9 86.9 93.4 96.7 34.4 55.8 74.9 74.4 93.4 24.2 43.0 64.4 68.7
774;4 55.8 74.9 86.9 93.4 96.7 34.4 55.8 53.2 74.4 86.9 24.2 43.0 64.4 57.8
715;3 55.8 74.9 86.9 93.4 96.7 34.4 55.8 53.2 74.4 86.9 24.2 43.0 454 57.8
6565 55.8 74.9 86.9 93.4 96.7 34.4 55.8 53.2 74.4 86.9 24.2 43.0 454 57.8
657.5 55.8 74.9 86.9 93.4 96.7 34.4 55.8 53.2 74.4 86.9 24.2 43.0 454 57.8
65é5 55.8 74.9 86.9 93.4 96.7 34.4 55.8 53.2 74.4 86.9 24.2 43.0 454 57.8
6595 55.8 74.9 86.9 93.4 96.7 34.4 55.8 53.2 74.4 86.9 24.2 43.0 454 57.8
Zzoz 55.8 74.9 86.9 93.4 96.7 34.4 55.8 53.2 74.4 86.9 24.2 43.0 45.4 57.8

Panel C: Probability that execution ultimately takes place at the deadline with a market order, in
percent.

Deadline 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0
100.0
1 442 251 13.1 6.6 3.3 656 44.2 251 13.1 6.6 43.7 295 35.6 19.3
9.9
2 196 63 1.7 04 0.1 43.0 196 6.3 1.7 04 19.1 16.8 126 3.7
1.0
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O.24 3.8 0.4 0.0 0.0 0.0 18.5 3.8 0.7 0.1 0.0 11.0 5.5 1.6 O
0.15 1.7 0.1 0.0 0.0 0.0 12.1 1.7 0.3 0.0 0.0 8.3 3.1 09 0
0.06 0.7 0.0 0.0 0.0 0.0 8.0 0.7 02 0.0 0.0 6.3 1.8 0.5 0
O.07 0.3 0.0 0.0 0.0 0.0 52 03 01 0.0 0.0 4.8 1.0 0.3 0
O.08 0.1 0.0 0.0 0.0 0.0 3.4 0.1 0.0 0.0 0.0 3.6 0.6 01 O
0.09 0.1 0.0 0.0 0.0 0.0 2.2 0.1 0.0 0.0 0.0 2.7 03 01 0
2.20 0.0 0.0 0.0 0.0 0.0 1.5 0.0 0.0 0.0 0.0 2.1 0.2 0.0 0

Panel D:. Sales price standard deviation, in cents per share

o O o o

Deadl i ne 4.4 4.4 4.4 4.4 4.4 8.8 8.8 8.8 8.8 8.8 13.3 13.3 13.3 13
13.? 10.4 14.8 21.0 30.0 42.6 16.2 21.9 30.4 42.7 60.4 18.9 21.9 38.1 52
74.2 11.8 15.7 21.7 30.4 42.8 19.5 24.8 32.3 44.0 61.2 20.8 30.2 41.9 55
75.2 12.1 15.8 21.7 30.4 42.8 21.1 25.5 32.4 43.9 84.9 25.4 33.4 42.5 68
95.2 12.1 15.7 21.6 30.4 42.8 21.9 25.5 42.7 70.7 87.5 28.2 34.8 42.4 82
13950 12.1 15.7 21.6 30.4 42.8 22.2 25.5 46.6 78.2 87.8 30.0 35.4 50.7 96
15067 12.0 15.7 21.6 30.4 42.8 22.4 25.5 48.2 80.7 87.8 31.2 35.6 54.6 102
154%1 12.0 15.7 21.6 30.4 42.8 22.4 25.5 48.9 81.5 87.8 32.0 35.6 56.5 105
15550 12.0 15.7 21.6 30.4 42.8 22.4 25.5 49.1 81.7 87.8 32.5 35.6 57.4 106.4
15591 12.0 15.7 21.6 30.4 42.8 22.4 25.5 49.2 81.7 87.8 32.9 35.6 57.8 106.9
15?61 12.0 15.7 21.6 30.4 42.8 22.4 25.5 49.2 81.7 87.8 33.1 35.6 58.0 107.0
155.1

T ( Cont i nued)
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Table 4, Continued

Bi d/ Ask Spread in Cents

12.5 25.0 37.5
Interval s Price Change STD in Cents Price Change STD in Cents Price Change STD in
Cents
Unti
Deadl i ne 5 10 20 40 80 5 10 20 40 80 5 10 20 40
80
Panel E: Expect ed val ue of the dynamic progranming problem in cents per share.
Deadl i ne 0.1 0.1 0.1 0.1 0.1 3.3 3.3 3.3 3.3 3.3 6. 6.4 6.4 6.4
6.41 2.5 2.8 2.9 3.0 3.0 7.0 8.1 8.7 9.0 9.2 13. 13.6 14.2 14.9
15.3 3.5 3.4 3.3 3.2 3.1 9.5 10.3 10.1 9.8 9.6 16. 17.0 17.0 16.6
16.; 4.0 3.6 3.3 3.2 3.1 11.1 11.2 10.5 9.9 9.6 18. 19.0 18.0 16.9
16.3 4.2 3.6 3.3 3.2 3.1 12.2 11.7 10.5 9.9 9.6 20. 20.1 18.4 17.0
16.% 4.2 3.6 3.3 3.2 3.1 12.9 11.8 10.6 9.9 9.6 21. 20.7 18.5 17.0
16.2 4.3 3.7 3.3 3.2 3.1 13.3 11.9 10.6 9.9 9.6 22. 21.1 18.6 17.1
16.3 4.3 3.7 3.3 3.2 3.1 13.6 12.0 10.6 9.9 9.6 23. 21.3 18.7 17.1
16.2 4.3 3.7 3.3 3.2 3.1 13.8 12.0 10.6 9.9 9.6 23. 21.4 18.7 17.1
16.3 4.3 3.7 3.3 3.2 3.1 14.0 12.0 10.6 9.9 9.6 24. 21.5 18.7 17.1
16ig 4.3 3.7 3.3 3.2 3.1 14.1 12.0 10.6 9.9 9.6 24. 21.5 18.7 17.1
16. 3
Panel F: Expected nunber of intervals until execution.
Deadl i ne 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0. 0.0 0.0 0.0
O.Ol 0.4 0.3 0.1 0.1 0.0 0.7 0.4 0.3 0.1 0.1 0. 0.3 0.4 0.2
O.12 0.6 0.3 0.1 0.1 0.0 1.1 0.6 0.3 0.1 0.1 0. 0.7 0.5 0.2
0.13 0.7 0.3 0.2 0.1 0.0 1.4 0.7 0.3 0.3 0.1 1. 1.0 0.5 0.4
O.34 0.8 0.3 0.2 0.1 0.0 1.6 0.8 0.6 0.3 0.1 1. 1.1 0.5 0.6
O.45 0.8 0.3 0.2 0.1 0.0 1.7 0.8 0.8 0.3 0.1 2. 1.2 0.8 0.7
O.56 0.8 0.3 0.2 0.1 0.0 1.8 0.8 0.8 0.3 0.2 2. 1.3 1.0 0.7
O.57 0.8 0.3 0.2 0.1 0.0 1.8 0.8 0.9 0.3 0.2 2. 1.3 1.1 0.7
O.58 0.8 0.3 0.2 0.1 0.0 1.8 0.8 0.9 0.3 0.2 2. 1.3 1.1 0.7
O‘59 0.8 0.3 0.2 0.1 0.0 1.9 0.8 0.9 0.3 0.2 2. 1.3 1.2 0.7
Z‘ZO 0.8 0.3 0.2 0.1 0.0 1.9 0.8 0.9 0.3 0.2 2. 1.3 1.2 0.7

The fol | owi ng paraneter values are conmon to all solutions presented in this table:

Execution costs:

Order submi ssion costs:

Intra-interval
Expected market order price improvement:

Limit order fill probability distribution:

Minimum price variation

Inverted gamma degrees of freedom

price change drift

Uniform
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K. = 3 cents per share

KL = 0.2; Ky =0 cents per share
K = 0 cents per share/interval
1= 50% of half-spread

d=12.5cents

v=3



Table 5

Solutions to the liquidity trader’s problemfor a baseline specification and for various changes in
the baseline specification. The baseline specification is described at the bottom of the table.

Change to Baseline Specification

Begi n-of Expected Inter-
Nor mal

Interval M Oder Limt Fill Limit Fill Mk Oder Lint Od One I nterval
I nnova-

Baseline Price Price Inp Prob Distn Prob Distn Comm Cost Subm Cost Cent Drift

tions
Intervals Solution Benchmark m =0 Mean =0.25 Mean = 1 Cy=2¢ K | =0.4¢ Tick u=0.5¢ V=
[ee]
Until

Deadlire (1) (@ @ @ & ©® @O G ©
(10)

Panel A: Qptinal limt price position expressed in cents above the best offer.

Deadline MkOrd MkOrd MkOrd  MkOrd MkOrd MkOrd MkOrd MkOrd MkOrd

MkOrd

1 00 500 00 00 Mkord 00 00 -10 00
°2 00 750 00 00 Mo 00 00 00 00
®3 125 1000 00 00 MO 125 00 80 NoSub
2 125 1125 125 125 Mkod 125 00 150 NoSub
1255 125 1250 125 125 MkOrd 125 00 170 NoSub
2560 125 1375 125 125 MkOrd 125 00 180 NoSub
257'O 125 1500 125 125 MkOrd 125 0.0 180 NoSub
25éo 125 1625 125 125 MkOrd 125 00 180 NoSub
25950 125 1625 125 125 MkOrd 125 0.0 180 NoSub
zzoz 125 1750 125 125 MkOrd 125 00 180 NoSub

Panel B: Probability of execution, in percent.

Deadline 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0

100.0
1 869 436 869 873 1000 869 869 87.9 86.9
" see 208 869 673 1000 869 869 869 869
" 744 204 869 673 1000 744 869 788 00
2 744 170 744 752 1000 744 869 720 00
5359 744 142 744 752 1000 744 869 701 0.0
3566 744 120 744 752 1000 744 869 691 0.0
357'6 744 101 744 752 1000 744 869 691 0.0
35é6 744 86 744 752 1000 744 869 691 0.0
3596 744 86 744 752 1000 744 869 691 0.0
zzoz 744 74 744 752 1000 744 869 69.1 0.0

Panel C: Expected value of the dynanic progranmng problem in cents per share.

Deadline 3.3 33 -3.0 3.3 3.3 43 33 33 33
3.3

1 9.0 33.0 82 141 3.3 92 88 91 9.1
8.8

81



2 9.8 51.9 9.7 15.5 3.3 9.8 9.5 9.8 9.9
10.; 9.9 66.0 9.9 15.7 3.3 9.9 9.6 9.9 10. 4
10. 4

4 9.9 77.4 9.9 15.7 3.3 9.9 9.7 9.9 10.9
10.2 9.9 87.1 9.9 15.7 3.3 9.9 9.7 9.9 11.4
10.2 9.9 95.6 9.9 15.7 3.3 9.9 9.7 9.9 11.9
10.; 9.9 103.1 9.9 15.7 3.3 9.9 9.7 9.9 12. 4
10.2 9.9 109.9 9.9 15.7 3.3 9.9 9.7 9.9 12.9
10.8 9.9 116. 2 9.9 15.7 3.3 9.9 9.7 9.9 13. 4
1Zi§ 9.9 121.9 9.9 15.7 3.3 9.9 9.7 9.9 13.9

The fol | owi ng parameter values are used in the baseline specification:

Obj ecti ve: Maxi m ze the expected difference between the
net sale price and the prevailing
bid at the time the decision to
trade was nade.

Bi d/ ask spread: S = 25 cents per share

Price change STD: oy = 40 cents per interval

Inter-interval drift: W = 0 cents per interval

Execution costs: C L =K =3 cents per share

Order submission costs: K L= 0.2; K M= 0 cents per share

Expected market order price improvement: 1= 50% of half-spread

Limit order fill probability distribution: Uniform (Mean = 0.5)

Minimum price variation d =125 cents

Inverted gamma degrees of freedom v=3
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Solutions to the informed trader’s sell
in the baseline specification.

problem for

Tabl e 6

a baseline specification and for various changes

The basel ine specification is described at the bottom of the table.

Change to Baseline Specification
Initial Pricing Pricing End of
Begi nni ng
Pricing Error Error I nterval
I nterval
Basel i ne Error Per si stence Per si st ence Price
Interval s Sol ution é 10 =1000¢ @=0.5 =09 Benchmark
Benchmark
Until
Deadline 1) ) 3) 4) (5) (6)
Panel A: Qptinmal linit price position expressed in cents above the best offer.
Deadline 0.0 0.0 NoSub MkOrd NoSub 62.5
1 0.0 0.0 NoSub 0.0 NoSub 87.5
2 0.0 0.0 NoSub 0.0 NoSub 100.0
3 0.0 0.0 0.0 0.0 NoSub 112.5
4 0.0 -12.5 0.0 0.0 NoSub 125.0
5 0.0 -12.5 0.0 0.0 NoSub 137.5
6 0.0 -12.5 0.0 0.0 NoSub 150.0
7 -12.5 MkOrd 0.0 0.0 NoSub 162.5
8 -12.5 MkOrd -12.5 -12.5 NoSub 175.0
9 -12.5 MkOrd MkOrd -12.5 NoSub 175.0
10 MkOrd MkOrd MkOrd -12.5 NoSub 187.5
Panel B: Probability of execution, in percent.
Deadline 86.9 86.9 0.0 100.0 0.0 36.0
1 86.9 86.9 0.0 86.9 0.0 24.6
2 86.9 86.9 0.0 86.9 0.0 20.4
3 86.9 86.9 86.9 86.9 0.0 17.0
4 86.9 96.7 86.9 86.9 0.0 14.2
5 86.9 96.7 86.9 86.9 0.0 12.0
6 86.9 96.7 86.9 86.9 0.0 10.1
7 96.7 100.0 86.9 86.9 0.0 8.6
8 96.7 100.0 96.7 96.7 0.0 7.4
9 96.7 100.0 100.0 96.7 0.0 7.4
10 100.0 100.0 100.0 96.7 0.0 6.3

Panel C. Expected val ue of the dynanic progranm ng problem

in cents per share.

Deadline 7.6 22.3 0.0 130.2 0.0 25.7
1 12.7 35.7 0.0 149.5 0.0 43.1
2 194 52.5 0.0 166.9 0.0 56.5
3 28.9 76.2 0.4 185.9 0.0 67.4
4 424 110.3 3.2 206.8 0.0 76.7
5 61.7 160.2 9.0 230.1 0.0 85.0
6 89.3 231.5 20.6 255.9 0.0 92.3
7 129.7 333.8 43.9 284.7 0.0 99.0
8 187.9 480.7 922 316.7 0.0 105.1
9 271.0 690.8 190.8 352.6 0.0 110.7
10 390.8 990.8 390.8 392.5 0.0 116.0
(Continued)
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Tabl e 6, Conti nued

Change to Baseline Specification
Initial Pricing Pricing End of
Begi nni ng
Pricing Error Error I nterval of
I nterval
Basel i ne Error Per si st ence Per si st ence Price Price
Interval s Sol ution é 10 =1000¢ @=0.5 =09 Benchmark
Benchmark
Until
Deadline 1) ) 3) 4) (5) (6)
Panel D: Expected pricing error estinmate, & incents pershare.
Deadl i ne 11.3 28.2 0.4 139.5 11.3 11.
1 16.1 40. 4 0.8 155.0 16.1 16.
2 23.1 57.6 1.6 172.2 23.1 23.
3 32.9 82.4 3.1 191. 3 32.9 32.
4 47.1 117.6 6.3 212.6 47.1 47.
5 67.2 168. 1 12.5 236.2 67.2 67.
6 96.0 240.1 25.0 262. 4 96.0 96.
7 137.2 343.0 50.0 291.6 137.2 137.
8 196.0 490.0 100.0 324.0 196.0 196.
9 280.0 700.0 200.0 360.0 280.0 280.
10 400.0 1000.0 400. 0 400. 0 400. 0 400.

OQOONONRFRORPFW

The fol | owi ng parameter values are used in the baseline specification:

Obj ecti ve:

Bi d/ ask spread:

Val ue innovation STD:
Inter-interval drift:
Execution costs:

Order submission costs:

Expected market order price improvement:
Limit order fill probability distribution:
Minimum price variation

Initial expected pricing error estimate

Pricing error persistence rate:
Inverted gamma degrees of freedom

Maxi m ze expect ed val ue- added
S = 25 cents per share
oy = 40 cents per interval

W =0 cents per interval
L =K =3 cents per share

L= 0.2; K M= 0 cents per share
T = 50% of half-spread

fromtradi ng

C
K

Uniform (Mean = 0.5)

d =125 cents
10 = 400 cents per share

2=07

v=3



Table 7

Solution to the informed trader’s sell problemfor the baseline specification when the order

submi ssion strategy nust satisfy a reservation price constraint. The current price slack and the
nunber of periods until the deadline are the two state variables of this dynam c program The current
price slack is the difference between the quote mdpoint and the reservation price at the begi nning of
the period. The current slack values presented in this table are subsets of the numeric lattices used
to solve the problem The subsets were chosen to mninmize the space necessary to present the results
In each period, the slack value that is equal to the expected pricing error is indicated by an
asterisk. The optinmumlimt order price is expressed as cents above the best offer. The baseline
specification is described at the bottomof the table

Price Pr ob. Price Pr ob. Price Pr ob
Sl ack Opti mum Order Program Sl ack Opti mum Order Program Sl ack Opti num Order
Proogram
P - PR o der Fills Value Py - PR o der Fills Value Py - PR o der Fills
Val ue
(cents) (cents) (9 (cents) (cents) (cents) (% (cents) (cents) (cents) (%
(cents)
At deadline 1 period until deadline 2 periods until deadline
éo =11.3¢ é 1 =16.1¢ é 2 =23.1¢
-138 NoSub 0.0 0.0 -139 NoSub 0.0 1.5 -138 NoSub 0.0 3.3
-127 125.0 14.2 1.1 -128 125.0 14.2 2.7 -127 125.0 14.2 5.1
-115 112.5 17.0 1.3 -116 112.5 17.0 3.2 -115 112.5 17.0 5.8
-104 100.0 20. 4 1.7 -105 100.0 20. 4 3.8 -104 100.0 20. 4 6.7
-92 87.5 24.6 2.0 -93 87.5 24.6 4.5 -92 87.5 24.6 7.7
-75 75.0 29.8 2.5 -76 75.0 29.8 5.4 -81 75.0 29.8 8.8
-64 62.5 36.0 3.1 -64 62.5 36.0 6.3 -63 62.5 36.0 10. 3
-52 50.0 43.6 3.8 -53 50.0 43.6 7.3 -52 50.0 43. 6 11.7
-41 37.5 52.5 4.6 -41 37.5 52.5 8.4 -40 37.5 52.5 13.2
-29 25.0 62.8 5.5 -30 25.0 62.8 9.5 -29 25.0 62.8 14.9
-17 12.5 74. 4 6.5 -13 12.5 74. 4 10.9 -17 12.5 74. 4 16. 7
-12 0.0 86.9 7.6 -7 0.0 86.9 12.2 -11 0.0 86.9 18.5
6 0.0 86.9 7.6 16* 0.0 86.9 12.3 23* 0.0 86.9 18.8
11* 0.0 86.9 7.6 114+ 0.0 86. 9 12.7 167+ 0.0 86.9 19.4
17+ 0.0 86. 9 7.6
3 periods until deadline 4 periods until deadline 5 periods until deadline
€3 =32.9¢ é 4 =47.1¢ é 5 =67.2¢
-140 NoSub 0.0 5.4 -143 NoSub 0.0 7.9 -140 NoSub 0.0 11.5
-128 125.0 14.2 8.1 -126 125.0 14.2 12.3 -129 125.0 14. 2 17. 4
-117 112.5 17.0 9.2 -114 112.5 17.0 13.9 -117 112.5 17.0 19.6
-105 100.0 20. 4 10. 4 -103 100.0 20. 4 15.7 - 105 100.0 20. 4 22.2
-88 87.5 24.6 12.2 -91 87.5 24.6 17.7 -88 87.5 24.6 25.8
-76 75.0 29.8 13.8 -80 75.0 29.8 20.0 -77 75.0 29.8 29.1
-65 62.5 36.0 15.5 -68 62.5 36.0 22.6 -65 62.5 36.0 32.8
-53 50.0 43. 6 17.5 -51 50.0 43. 6 26.0 -54 50.0 43. 6 37.1
-42 37.5 52.5 19.8 -39 37.5 52.5 29.1 -42 37.5 52.5 41.8
-30 25.0 62.8 22.2 -28 25.0 62.8 32.6 -31 25.0 62.8 47.0
-13 12.5 74. 4 24.9 -16 12.5 74. 4 36.4 -13 12.5 74. 4 52.9
-7 0.0 86.9 27.5 -11 0.0 86. 9 40. 3 -8 0.0 86.9 58.5
33* 0.0 86.9 28.0 47* 0.0 86. 9 41.3 -2 0.0 86.9 58.7
234+ 0.0 86.9 28.9 260+ 0.0 86.9 42. 4 4 -12.5 96. 7 59.7
44 -12.5 96. 7 60. 0
50 0.0 86.9 60.0
67* 0.0 86.9 60. 4
303+ 0.0 86.9 61.7
(Conti nued)
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Tabl e 7, Conti nued

Current Pr ob. Current Pr ob. Current Prob.
Sl ack Opti mum Order Program Sl ack Opti mum Order Program Sl ack Opti mum Order
Proogram
P - PR o der Fills Value Py - PR o der Fills Value Py - PR o der Fills
Val ue
(Cents) (Cents) (9 (Cents) (Cents) (Cents) (% (Cents) (Cents) (Cents) (%
(Cent s)
6 periods until deadline 7 periods until deadline 8 periods until deadline
é =96.0¢ 7 =137.2¢ é g =196¢
-140 NoSub 0.0 15.5 -93 87.5 24.6 47.8 -17 12.5 74.4 152.0
-128 125.0 14.2 24.0 -76 75.0 29.8 55.8 -6 0.0 86.9 172.4
-117 112.5 17.0 27.2 -64 62.5 36.0 63.8 12 -12.5 96.7 184.8
-105 100.0 20.4 30.9 -53 50.0 43.6 73.0 18 MO d 100.0 186.8
-88 87.5 24.6 35.9 -41 37.5 52.5 83.3 104 MO d 100.0 186.8
-77 75.0 29.8 40.7 -30 25.0 62.8 94.8 110 -12.5 96.7 186.8
-65 62.5 36.0 46.2 -18 12.5 74.4 107.4 196* -12.5 96.7 187.6
-54 50.0 43.6 52.4 -1 0.0 86.9 121.1 282+ -12.5 96.7 187.9
-42 37.5 52.5 59.3 11 -12.5 96.7 127.8
-31 25.0 62.8 67.0 16 MO d 100.0 127.9
-13 12.5 74.4 75.8 22 -12.5 96.7 128.0
-2 0.0 86.9 84.5 137+ -12.5 96.7 129.3
4 -12.5 96.7 87.8 258+ -12.5 96.7 129.7
96* -12.5 96.7 88.6
188 -12.5 96.7 88.9
194 0.0 86.9 88.9
280+ 0.0 86. 9 89.2
9 periods until deadline 10 periods until deadline
e =280¢ 10 =400¢
102 MO d 100.0 270.8 262 MO d 100.0 390.8
228 MO d 100.0 270.8 400* MO d 100.0 390.8
234 -12.5 96.7 270.8 538 MO d 100.0 390.8
280* -12.5 96.7 270.9
343+ -12.5 96.7 271.1
The fol | owi ng paraneter values are used in the baseline specification:

oj ecti ve:

Bi d/ ask spread:
Val ue innovation STD:

Nont r adi ng i nterval
drift:

Inter-interval
Execution costs:

Order submission costs:

Expected market order price improvement:

Limit order fill probability distribution:

Minimum price variation

Initial expected pricing error:

Pricing error persistence:
Inverted gamma degrees of freedom

C
K

Maxi m ze expected val ue-added fromt radi ng
S = 25 cents per share
OV

Uniform (Mean = 0.5)

e

2=0.7

86

d =125 cents
10 = 400 cents per share

L=02K
1= 50% of half-spread

= 40 cents per

v=3

interval

oy = 1 cent per interval
U = 0 cents per interval
L = K | =3 cents per share

M= 0 cents per share



Table 8

Solutions to the value-notivated trader’s sell problemfor a baseline specification and for various

changes in the baseline specification. The baseline specification is described at the bottom of the
tabl e.

Change to Baseline Specification

Esti mat ed Pricing Pricing Correl ati on of

Pricing Error Error Val ue ng with g Di scount
Error Basel i ne I nnovati on Persi stence Innovation Rat e

in Cents Sol ution on=40¢ =05 oy = 80¢ 0.8 -0.8  (1-B)/B=

0.1%

to Quote

Midpoint (1) 2 (3 4 (5) (6) (6)

Panel A: Qptinal limt price position expressed in cents above the best offer.

-100 NoSub 325.0 NoSub NoSub 500.0 NoSub NoSub
-90 NoSub 300.0 NoSub NoSub 450.0 NoSub NoSub
-80 NoSub 275.0 NoSub NoSub 412.5 NoSub NoSub
-70 550.0 250.0 550.0 NoSub 362.5 NoSub 550.0

-60 475.0 225.0 475.0 NoSub 312.5 NoSub 475.0

-50 400.0 200.0 400.0 NoSub 275.0 NoSub 400.0

-40 325.0 175.0 325.0 NoSub 237.5 NoSub 325.0

-30 262.5 150.0 262.5 NoSub 200.0 NoSub 262.5

-20 187.5 125.0 187.5 600.0 162.5 NoSub 187.5

-10 125.0 100.0 125.0 375.0 125.0 NoSub 125.0

0 75.0 87.5 75.0 162.5 87.5 NoSub 75.0

10 25.0 62.5 25.0 25.0 62.5 0.0 25.0

20 0.0 50.0 0.0 0.0 375 -12.5 0.0

30 0.0 375 0.0 0.0 12,5 -12.5 0.0

40 0.0 25.0 0.0 0.0 0.0 -12.5 0.0

50 0.0 12.5 0.0 0.0 0.0 -12.5 0.0

60 -12.5 0.0 -12.5 0.0 0.0 MkOrd -12.5

70 -12.5 0.0 -12.5 0.0 0.0 MkOrd -12.5

80 -12.5 0.0 -12.5 0.0 0.0 MkOrd -12.5

90 -12.5 0.0 -12.5 -12.5 -12.5 MkOrd -12.5

100 -12.5 0.0 -12.5 -12.5 -12.5 MkOrd -12.5

110 -12.5 -12.5 -12.5 -12.5 -12.5 MkOrd -12.5

120 -12.5 -12.5 -12.5 -12.5 -12.5 MkOrd -12.5

130 MkOrd -12.5 MkOrd -12.5 -12.5 MkOrd MkOrd

140 MkOrd -12.5 MkOrd -12.5 -12.5 MkOrd MkOrd

150 MkOrd -12.5 MkOrd -12.5 -12.5 MkOrd MkOrd

160 MkOrd -12.5 MkOrd -12.5 -12.5 MkOrd MkOrd

170 MkOrd -12.5 MkOrd -12.5 -12.5 MkOrd MkOrd

180 MkOrd -12.5 MkOrd -12.5 MkOrd MkOrd MkOrd
190 MkOrd -12.5 MkOrd -12.5 MkOrd MkOrd MkOrd
200 MkOrd MkOrd MkOrd -12.5 MkOrd MkOrd MkOrd
210 MkOrd MkOrd MkOrd MkOrd MkOrd MkOrd MkOrd
220 MkOrd MkOrd MkOrd MkOrd MkOrd MkOrd MkOrd
230 MkOrd MkOrd MkOrd MkOrd MkOrd MkOrd MkOrd
240 MkOrd MkOrd MkOrd MkOrd MkOrd MkOrd MkOrd
250 MkOrd MkOrd MkOrd MkOrd MkOrd MkOrd MkOrd

( Cont i nued)
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Tabl e 8, Continued

Change to Basel i ne Specification

Esti nat ed Pricing Pricing Correl ation of
Pricing Error Error Val ue ng wWith g Di scount
Error Basel i ne I nnovati on Per si stence |nnovation Rat e
in Cents Sol ution oy=40¢ @=05 oy = 80¢ 0.8 -0.8 (1-RB)B =
0.1%

to Quote

Midpoint 1) &) 3 4 ®) (6) (6)

Panel B: Probability of execution, in percent.

-100 0.0 4.1 0.0 0.0 1.4 0.0 0.0

-90 0.0 5.0 0.0 0.0 1.9 0.0 0.0

-80 0.0 6.1 0.0 0.0 2.3 0.0 0.0

-70 0.5 7.5 0.5 0.0 3.2 0.0 0.5

-60 0.8 9.4 0.8 0.0 4.7 0.0 0.8

-50 1.3 11.9 1.3 0.0 6.3 0.0 1.3

-40 2.2 15.2 2.2 0.0 8.6 0.0 2.2

-30 3.8 19.6 3.8 0.0 12.2 0.0 3.8

-20 8.2 25.6 8.2 2.3 17.6 0.0 8.2

-10 17.5 335 17.5 7.3 26.1 0.0 175

0 34.2 38.4 34.2 30.8 38.9 0.0 34.2

10 66.3 50.1 66.3 81.0 50.6 80.8 66.3

20 88.3 57.0 88.3 93.6 65.0 95.1 88.3

30 88.3 64.6 88.3 93.6 81.8 95.1 88.3

40 88.3 72.8 88.3 93.6 90.8 95.1 88.3

50 88.3 81.6 88.3 93.6 90.8 95.1 88.3

60 97.0 90.7 97.0 93.6 90.8 100.0 97.0

70 97.0 90.7 97.0 93.6 90.8 100.0 97.0

80 97.0 90.7 97.0 93.6 90.8 100.0 97.0

90 97.0 90.7 97.0 98.4 97.7 100.0 97.0
100 97.0 90.7 97.0 98.4 97.7 100.0 97.0
110 97.0 97.7 97.0 98.4 97.7 100.0 97.0
120 97.0 97.7 97.0 98.4 97.7 100.0 97.0
130 100.0 97.7 100.0 98.4 97.7 100.0 100.0
140 100.0 97.7 100.0 98.4 97.7 100.0 100.0
150 100.0 97.7 100.0 98.4 97.7 100.0 100.0
160 100.0 97.7 100.0 98.4 97.7 100.0 100.0
170 100.0 97.7 100.0 98.4 97.7 100.0 100.0
180 100.0 97.7 100.0 98.4 100.0 100.0 100.0
190 100.0 97.7 100.0 98.4 100.0 100.0 100.0
200 100.0 100.0 100.0 98.4 100.0 100.0 100.0
210 100.0 100.0 100.0 100.0 100.0 100.0 100.0
220 100.0 100.0 100.0 100.0 100.0 100.0 100.0
230 100.0 100.0 100.0 100.0 100.0 100.0 100.0
240 100.0 100.0 100.0 100.0 100.0 100.0 100.0
250 100.0 100.0 100.0 100.0 100.0 100.0 100.0

(Cont i nued)
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Tabl e 8, Continued

Change to Basel ine Specification

Esti nat ed Pricing Pricing Correl ation of
Pricing Error Error Val ue ng with g
Error Basel i ne I nnovati on Persi stence Innovation

in Cents Sol ution oy=40¢ @=05 oy, = 80¢ 0.8 -0.8 (1-RB)B =
0.1%

to Quote

Midpoint 1) &) 3 4 ®) (6) (6)

Di scount
Rat e

Panel C:. Value of the dynamic progranm ng problem in dollars per share.

-100
-90
-80
-70
-60
-50
-40
-30
-20
-10

0
10
20
30
40
50
60
70
80
90

100
110
120
130
140
150
160

170
180
190
200
210
220
230
240
250

587.1
587.1
587.2
587.2
587.3
587.3
587.4
587.4
587.5
587.6

587.7
587.9
588.1
588.3
588.5
588.7
588.9
589.1
589.4
589.6

589.9
590.1
590.4
590.6
590.9
591.2
591.4
591.7
592.0
592.2
592.5
592.8
593.1
593.4
593.6
593.9

1286.3
1286.4
1286.4
1286.4
1286.5
1286.5
1286.6
1286.7
1286.8
1286.8

1286.9
1287.0
1287.2
1287.3
1287.4
1287.6
1287.8
1288.0
1288.1
1288.3

1288.5
1288.7
1288.9
1289.1
1289.3
1289.5
1289.7
1289.9
1290.1
1290.3
1290.5
1290.7
1291.0
1291.2
1291.4
1291.6

453.5
453.5
453.5
453.5
453.6
453.6
453.6
453.7
453.7
453.8

453.8
453.9
454.0
454.2
454.3
454.5
454.6
454.8
454.9
455.1

455.2
455.4
455.6
455.7
455.9
456.1
456.3
456.4
456.6
456.8
457.0
457.1
457.3
457.5
457.7
457.9

578.5
578.5
578.6
578.6
578.7
578.7
578.8
578.8
578.9
579.0

579.1
579.3
579.5
579.7
579.9
580.1
580.3
580.6
580.8
581.1

581.3
581.6
581.8
582.1
582.3
582.6
582.9
583.2
583.4
583.7
584.0
584.2
584.5
584.8
585.1
585.4

647.6
647.7
647.7
647.8
647.8
647.9
647.9
648.0
648.1
648.2

648.3
648.5
648.6
648.8
649.0
649.2
649.4
649.7
649.9
650.1

650.4
650.6
650.9
651.1
651.4
651.6
651.9
652.2
652.4
652.7
653.0
653.3
653.5
653.8
654.1
654.4

539.3
539.4
539.4
539.4
539.5
539.5
539.6
539.6
539.7
539.8

539.9
540.0
540.2
540.4
540.6
540.8
541.1
541.3
541.5
541.8

542.0
542.3
542.6
542.8
543.1
543.4
543.6
543.9
544.2
544.5
544.7
545.0
545.3
545.6
545.9
546.1

293.1
293.2
293.2
293.2
293.3
293.3
293.4
293.5
293.5
293.6

293.8
293.9
294.1
294.3
294.5
294.7
294.9
295.2
295.4
295.6

295.9
296.1
296.4
296.7
296.9
297.2
297.4
297.7
298.0
298.3
298.5
298.8
299.1
299.4
299.6
299.9

The following parameter values are used in the baseline specification:

Objective:

trading

Bid/ask spread:

Value innovation STD:

Inter-interval drift:
Execution costs:

Order submission costs:

Expected market order price improvement:
Limit order fill probability distribution:
Minimum price variation

Pricing error innovation STD:
Pricing error persistence:

Discount rate:
Inverted Gamma degrees of freedom

Maximize expected present value-added from

S = 25 cents per share
oy, = 40 cents per interval
| = 0 cents per interval

K

C

L = K | =3 cents per share

L =0.2,K  \ =0 cents per share

Uniform (Mean = 0.5)

2=0.7

1= 50% of half-spread

d=12.5 cents
op = 20 cents per interval

(1-R)/B = 0.05 percent per interval

89
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